CPSC 365 / ECON 365: Algorithms April 12, 2022

Lecture 21
Lecturer: Andre Wibisono Scribe: Matthew Zhang

1 Overview

This lecture continues discussing complexity. Specifically, these lecture notes cover:
e Polynomial Reductions
e Finding vs. Verifying Solutions

e P and NP

2 Review of Polynomial Reduction

Recall that the reduction Y <, X implies the following three conclusions.
e Y reduces to X in poly-time

e If we can solve X in poly-time, then we can solve Y in poly-time

e If we cannot solve Y in poly-time, then we cannot solve X in poly-time (contrapositive of

previous statement)

Examples of reductions we have covered so far include 3-SAT <,, Independent Set <, Vertex Cover

<p Set Cover. In this lecture, we will discuss the notion of how difficult a problem is.

3 Search Problems: Finding vs. Verifying Solutions

Many problems we have seen so far are actually search problems. This means we are given some
instance I (input data that specifies problem), and we want to find a solution S (an object that

meets specifications). Examples of this include

1. Shortest Paths: I = {graph G = (V, E), undirected, unweighted, source s € V, target t € V'}

Goal: find a shortest path from s to ¢t

In principal, we could explore all possible paths from s until we eventually reach ¢. Among
all these paths, we want the shortest one. This is a search problem where the search space is
all paths from s to t. In the worst case, this search space is exponential size. But we know
we can solve this efficiently using BF'S.
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D.

. Minimum Spanning Tree: I = {graph G = (V, E) with weights w.} and S = a minimum

spanning tree (a spanning tree with minimum weight). The search space is all possible
spanning trees, and among all those trees, we want the one with minimum weight. The
number of spanning trees is also exponential size. However, we know we can solve this
efficiently using Prim’s algorithm or Kruskal’s algorithm.

. Bipartite Matching: I = {bipartite graph G = (V, E)} and S = a matching of maximum size.

Our search space is all possible matchings and this is exponential size. But we can also solve
this problem efficiently using a reduction to max-flow (and Ford-Fulkerson).

. Independent Set: I = {graph G = (V, E)} and S = maximum independent set. The search

space is all independent sets which is also exponential size. The question is can we solve this
efficiently? The answer is we don’t know!

SAT: I = a Boolean formula in CNF: f = Cy ACy A --- A Cy, where each C; is a clause such

that C; = (ti1 V tig V -+ V ti) where terms are either z,...,z, or =z1,...,~x,. In this
problem, S = a satisfying assignment x1,...,z, € {0,1} such that f(z) = True. The search
space is all possible assignments (2" total possibilities). Can we solve this problem efficiently?
In general, we don’t know for SAT either.

Note: Some problems we don’t know how to solve efficiently (find the solution), but it is easy to

verify if a candidate solution S is a valid solution. Here are some examples.

1. Shortest Path: S = a path from s to ¢ — we can check if length < k (can check if shortest
path by solving the problem)
2. MST: S = a subgraph of G — can check if S is a MST (S is a tree and a spanning tree with
minimum weight)
3. Bipartite Matching: S = a matching — can check if S is indeed a matching and it has
maximum size
4. Independent Set: S = a subset of vertices — can check if S is independent and has size
|S| > k
5. SAT: S = an assignment x1,...,x, € {0,1} — can check if f(z) = True
3.1 Formalization
Problems

e We work with decision problems X (e.g. X = “does this graph have independent size > k7”)

where the answer to this problem is either YES or NO
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e Input encoded as finite binary string s (length = |s|)
e We identify X with the set of inputs s € ) such that an answer of X on input s is YES
e In other words, (s € X) if and only if the (answer of X on s is YES)

Given a problem X, we say that an algorithm A solves X efficiently if

e A runs in polynomial time with respect to input size (3 polynomial p such that V input s € €,
computing A(s) takes O(p(|s|)) time)

e Asolves X: Vinput s € Q: A(s) = YES <= se€ X

4 Definition of P

We define P (Polynomial) as the class of problems that we can solve efficiently. In other words, P
= {problems X : 3 alg A that solves X efficiently}. Examples of problems in P include shortest
paths, bipartite matching, MST, and 2-SAT (which will be shown later). Recall that if X is in P
and Y <, X, then Y is also in P following implications.

4.1 Verification Algorithms

Given a problem X and input s, how can we verify if s € X7 We can do this with a certificate ¢
(e.g. a proof or a candidate solution). We want the certificate to not be too big (poly-size in |s|)
and the verification to also not be too long (poly-time in |s|).

Definition: An algorithm B is an efficient certificate if

e B runs in poly-time, takes two inputs s (input string) and ¢ (certificate)

e I polynomial p such that V input s: (s € X) <= (3 t such that |t| < p(|s]) and B(s,t) =
YES)

o If answer = YES, we can find a short certificate that works. If answer = NO, then no
certificate works.

5 Definition of NP

We define NP (”non-deterministic polynomial time”) as the class of problems we can check effi-
ciently. In other words, P = {problems X : 3 efficient certifier B for X}. Examples of problems
in NP include shortest paths, MST, Bipartite matching, independent set, vertex cover, set cover,
SAT, 2-SAT, 3-SAT, and so on.
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6 P and NP

Lemma: P C NP

Proof. If X € P, there exists an efficient alg A for X. We can define a certifier B by B(s,t) = A(s).
If s € X, then A(s) = YES, which means V ¢, B(s,t) = YES. If s ¢ X, then A(s) = NO, then V ¢,
B(s,t) = NO. O

The big question in computer science is if P = NP.
e We don’t know
e But we can characterize the relative difficulty of problems
Note: If X € NP, it has an efficient certifier B.
1. Then we can find a solution via brute-force searching
2. Given input s, we can try all certificates ¢ of length |t| < p(]s|), and check if B(s,t) = YES
3. Exponential search space, exponential time (but it is finite! i.e. guaranteed to finish)

This is the end of Lecture 21. The next lecture will continue with complexity and the relative
hardness of problems.
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