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Lecture 19
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1 Overview

We will introduce the fundamental concepts of complexity theory, which studies the “hardness” of
computational problems. We will learn some basic combinatorial problems that will nonetheless
prove to be very hard soon.

2 Decision problems

Most of the problems we have covered so far were optimization problems. We were interested in
the shortest path, the most valuable knapsack, the longest increasing subsequence, the max flow...
All of them have corresponding decision problems. These ask whether a solution (possibly with
some value pg for a property p) exists. A decision problem may ask you whether there is

e a path with distance less than dy,

e a knapsack with weight under wy and value above vy,
e a subsequence with at least kg terms,

e or an s—t flow with value more than fj.

Notice that, if you know the range of values that the property p can take, you can do binary search
for the solution of an optimization problem. You would do this by trying the corresponding decision
problem for some pg, then try a higher or lower p1, and so on until you find the optimal p,,:. Given
the solution py; to an optimization problem, you can also solve the decision problem for pg by

comparing pop: to po.

3 Reductions

We want to formally describe how hard various decision problems are. Say that we have two
decision problems X and Y, and that an algorithm A solves X in O(1) time. The running time
of A is just a convention—any X that you apply this procedure to is most likely not solvable in
constant time, but we can pretend that it is—just like we conventionally assume that arithmetic

operations are constant-time.
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Definition 1 (Polynomial-time reduction). We can reduce Y to X in polynomial time (notated
Y <, X) if we can solve any instance of Y in polynomial time by applying A.

If we have Y <, X, then we can say that Y is not harder than X. If ¥ were harder, then
we should not be able to “easily” solve it using a solution to X. On the other hand, Y might be
significantly easier. Maybe there is an algorithm much faster than A (we only assume A to be
constant-time for the purposes of our analysis) that can also be used to solve Y. More concretely:

e If X can be solved in polynomial time, then so can Y. The reduction must have used
a polynomial number of calls to the polynomial-time algorithm A and had no other steps
slower than polynomial-time.

e If Y cannot be solved in polynomial time, then neither can X. This formulation
is just the contrapositive of the above, but we will use it extensively to argue about the
complexities of problems.

Example 1. In Lecture 18, you will have seen how the maximum matching problem can be solved
using the Ford-Fulkerson algorithm for max flow. We can solve the decision problem for a matching
of size mqg by deciding if there is a flow with value mqg through the edges of the bipartite graph.
Since this process only involves setting up the flow network in polynomial time and running Ford-
Fulkerson, we have MAX-MATCHING <, MAX-FLOW.

4 Independent set and vertex cover

Let G = (V, E) be a graph. Here are two fundamental combinatorial problems.

Definition 2 (Independent set). A set S of vertices of G is independent if there is no edge
between any pair of vertices in S.

Definition 3 (INDEPENDENT-SET (IS) decision problem). Given a graph G and an integer k,
decide if there is an independent set of size at least k among the vertices of G.

Definition 4 (Vertex cover). A set S of vertices of G is a vertex cover of G if all the edges of G
have at least one end in S.

Definition 5 (VERTEX-COVER (VC) decision problem). Given a graph G and an integer z,

decide if there is a vertex cover of size at most x among the vertices of G.

We will eventually show that these problems are NP-complete, but now, we can prove that they
are duals of each other.
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Theorem 1. INDEPENDENT-SET <, VERTEX-COVER
and also VERTEX-COVER <, INDEPENDENT-SET

Proof. If we know that the graph G = (V, E) with n vertices has a vertex cover T of size at most
k, then for all edges that have an end in V' — T, the other end must be in 7" by the definition of the
vertex cover. No edge between vertices in V' — T may exist, so V — T is an independent set of size
at least n — k.

On the other hand, if we know that G has an independent set S of size at least m, then for all of the
edges that have one end in S, the other end must be in V — S by the definition of the independent
set. The set V — .5 must then contain at least one end for all the edges of G, so it is a vertex cover
of size at most n — m.

Given the solution to either of these problems for (G, ), you automatically get the answer to the
other for (G,n — x), where n is the number of vertices. This is a polynomial-time reduction. ]

5 Set cover

Independent set and vertex cover apply to graphs, which consist of a set V' of vertices and a set
of subsets of vertices, all of which contain two elements. We can think of a more general problem.
Let U be a set and let Sq, ..., S;, be subsets of U.

Definition 6 (Set cover). The set of subsets Si, ..., Spm is a vertex cover of U if all elements of
U are contained in the union of S1, ..., Sm.

Definition 7 (SET-COVER decision problem). Given a set U and an integer x, decide if there is
a set cover of U with size at most x.

Since SET-COVER is a more general problem, we would expect to be able to solve VERTEX-
COVER with an algorithm for SET-COVER.

Theorem 2. VERTEX-COVER <, SET-COVER

Proof. Given an instance of VERTEX-COVER with G = (V, E), z, let U be the set of edges E. For
each vertex v; in V, define the subset 5; as the set of edges connected to v;. We claim that there is
a set cover of U using at most x subsets if and only if there is a vertex cover of G of size at most z.
If we have the desired vertex cover, then all edges are included in the union of at most x subsets.
Each subset corresponds to edges connected to some vertex, so at most x vertices can be used to
cover all the edges. On the other hand, if we have the set cover with at most x subsets, then the
sets of edges with ends in that set cover (at most x of them) must cover E = U.

Constructing the subsets requires adding all the edges connected to a given vertex, so the reduction
is polynomial-time. O
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