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Lecture 18

Lecturer: Andre Wibisono Scribe: Nevin George

1 Overview

This lecture begins by addressing the running time of the Ford-Fulkerson algorithm and also briefly
summarizes the Max-Flow Min-Cut Theorem. The rest of the lecture is then spent explaining an
important application of the Ford-Fulkerson algorithm, specifically how max flow can be used to

determine size of the largest possible matching in a bipartite graph.

2 Run time of Ford-Fulkerson

In every iteration of Ford-Fulkerson, the algorithm must find an augmenting path. How such an
augmenting path is chosen can have big implications on the overall run time. Consider the following

example:
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The max flow for this example is 2¢, obtained by sending ¢ units of flow along the top two
edges and c units of flow along the bottom two. Ford-Fulkerson could terminate in two iterations
by selecting these two paths as the augmenting paths in algorithm. However, the algorithm can
also choose augmenting paths which include the edge of capacity 1:
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Since these augmenting paths have a bottleneck of one unit, the algorithm will require 2c
iterations to terminate and find the max flow. Therefore, which augmenting path the algorithm
chooses can have big implications on the run time.

The naive approach to Ford-Fulkerson where we can choose any arbitrary augmenting path
runs in time O(mC'), where m denotes the number of edges and C denotes capacity of the max
flow. This dependence on C' unfortunately makes this algorithm run in pseudo-polynomial time.
However, there are many good options the algorithm can employ to choose augmenting paths that
gives better run times. Omne option is to use “scaling max flow”: let a D-residual graph be a
subgraph of a residual graph with only the edges that have capacity >= D. The “scaling max
flow” algorithm is as follows:

Chax = max capacity edge. Start with D = Crax
Start with zero flow
While D >= |, repeat:
GHD) = D-residual graph
While there is a path from s to t in G#(D) along which flow can be increased
Increase flow along that path
Update G¢(D)
D=D/2

The high level take away is that we find good augmenting paths with a large bottleneck
by removing all the edges with capacity < D. This helps us as these smaller edges we re-
move have the greatest chance of being the bottlenecks in an augmenting path. We begin with
D = max capacity edge, so in our example before, we would start with D = ¢ and remove the edge
with 1 unit. This would allow us to find the desired augmenting path that has bottleneck C' units
(rather than the path with bottleneck 1 unit). The algorithm is scaling because if we can’t find an
augmenting path after removing the edges with capacity < D, we halve D and then try again. The
“scaling max flow” algorithm runs in time O(m?log C).

Another good option is the Edmonds-Karp algorithm. Edmonds-Karp chooses augmenting
paths by finding the augmenting path of shortest length, which it finds by performing BFS. Always
finding the shortest augmenting path can be proven to give a run time of O(m?n), which eliminates
the dependence on C.

3 Max-Flow Min-Cut Theorem

The Max-Flow Min-Cut Theorem is as follows: In every flow network, the max value of a s —t flow
is equal to the minimum capacity of a s — t cut. This means that the problem of finding a max
flow is equivalent to the problem to finding the minimum cut: the two problems are said to be the
dual of each other.
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Considering the dual problem can be useful while proving various results, as the problem may
be more intuitive/easily visualized in one framework rather than the other. For example, suppose
we wish to prove that if all the edges in a flow network have even integer capacities, then the max
flow will be an even integer. Considering the problem as a max-flow problem will give us the right
answer after some work and handling some tedious details, but if we view the problem as a min-cut
question, the proof becomes much simpler. Every cut in the graph contains only edges with even
capacity, so the capacity of every cut is even. Since the min-cut must then have even capacity, the
max flow must also have even capacity.

Useful side note: if all the capacities in a flow network are integers, there exists a max flow
where all the edges along the flow have only integer values. This fact will be useful in the next
section, where we apply max flow to bipartite graphs.

4 Bipartite Matching

4.1 Preliminaries

Def: Let G = (V, E). G is an undirected bipartite graph if V' can be represented as V' = X UY,
where X NY = @ and X and Y are independent sets (i.e., there is no edge e = (z,y) € FE with
reX,yey).

x Y

Def: Let G = (V, E) be an undirected bipartite graph. M C FE is a matching if for all distinct
edges (x1,y1), (x2,y2) € M, 1 # x2 and y1 # y2 (i.e., no two edges in M have a common vertex).



Def: Let G = (V, E) be an undirected bipartite graph. A matching M C FE is maximal if
every other matching M’ of G satisfies |M'| < |M| (i.e., there is no matching bigger than M in G).
4.2 Algorithm
Goal: Find a maximal matching in an undirected bipartite graph G = (V, E), with V = X U Y.

We will create a new flow network G’ and show that if we run the Ford-Fulkerson algorithm on
G’, then the value of the max flow we obtain will be equal to the size of the maximal matching in
G. Furthermore, we can use the max flow to find a specific valid maximal matching.

*Side note: If you have already watched the later lectures on reductions, you will understand
that this means that bipartite matching can be reduced to the problem of max flow, i.e., bipartite
matching <, max flow, meaning max flow is at least as hard a problem as bipartite matching.

Steps to construct G’ = (V', E’) (G’ will be a directed graph):

1. Add a source node s and sink node t, so V! =V U {s, t}.

2. First let E/ = E. Then add to E' all (s,z) with z € X, and all (y,t) with y € Y.

3. Set the capacity of every edge in E’ to be 1.

Here is an example of such a construction:

~ Y
G: et X A
o
‘)@

all edyes Capacipy Co=1

We then run Ford-Fulkerson on G’, and the value of the max flow we obtain is the size of a
maximal matching in G. The specific maximal matching will be given by all the edges (z,y) in G’
with x € X,y € Y that have a positive flow.

4.3 Proof of Correctness
Claim: the size of a maximal matching in G is the value of the max flow in G’. Also, the edges in

the maximal matching are the edges in G’ with positive flow.
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Intuition: The proof relies on a few important aspects of G’. For one, every vertex in X has
exactly one incoming edge, and every vertex in Y has exactly one outgoing edge. This means that
the vertices in X and Y must have either 0 or 1 units of flow passing through it (we can deal with
integer flows since all the capacities are integers). Then for every vertex x € X, at most one of the
edges between x and the vertices in Y can have 1 unit of flow, and the rest have 0. Similarly, for
every vertex y € Y, at most of one of the edges between y and the vertices in X can have 1 unit
of flow. Taking these two facts together, vertices in X and Y will be uniquely matched with each
other if there is some edge with flow connecting them. Since we are finding a maximum flow, there
will not be any unmatched vertices that could have been matched, because we could have then sent
an additional unit of flow between the two vertices, which contradicts the maximality of the flow.

We will show that a matching of size k <= a flow of value k.
Lemma 1. Matching of size k in G = flow of value k in G’

Proof. Suppose we have a matching M of size k in G.

X X

We push a unit of flow along every edge in M - to be specific, for every edge (x,y) € M, we
send one unit of flow along the path s —x —y — ¢.

Since we are sending flows along paths, the construction satisfies the conservation constraints.
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Capacity constraints are satisfied because every vertex x € X is matched to at most one vertex
y € Y and vice versa, which ensures that there is at most one unit of flow passing through each
vertex x,y. This procedure gives a total flow of value |M| = k as desired. O

Lemma 2. Maz flow of value k in G’ = matching in G of size k

Proof. Take a max flow f in G’ with val(f) = k. Without loss of generality let f have integer values
f(e) (we know it exists from the preliminary discussions), so for every e € E, either f(e) =0 or 1.
Let M contain all the edges between vertices in X and Y with positive flow, i.e., M = {(z,y) €
E'lzeX,yeY,f(e) =1}

We prove that M is a valid matching in G of size k. Since every x € X has exactly one
incoming edge from s, due to conservation constraints, z can have at most one outgoing edge with
positive flow. Similarly, since every y € Y has exactly one outgoing edge to ¢, y can have at most
one incoming edge with positive flow. Therefore, every x appears in at most one edge in M and
similarly for every y, so M is a valid matching.

Now we show that |[M| = k. The total amount of flow passing between the sets X and Y is k
units (we can see this by considering the cut (A, B) with A = {s} U X). This means that exactly
k edges between vertices in X and Y have one unit of flow, and thus | M| = k. O

This completes the proof of correctness.

4.4 Analysis of the run time
There were three steps in the algorithm:
1. Construct G: we can do this in O(m +n) = O(m) time.

2. Find a max-flow in G’. This is equivalent to the run time of Ford-Fulkerson, which is O(mC).
Since the value of the max flow is at most n, we have C' < n, which means Ford-Fulkerson
runs in O(mC) = O(mn) time.

3. We extract the final matching in G’ (i.e., find all the edges between vertices in X and Y with
positive flow) in O(n) time.

The total running time to solve bipartite matching using max flow is then O(mn).
Side note: If we instead use scaling max flow, we obtain an O(m?logn) time algorithm. If we

use Edmonds-Karp, we obtain an O(m?n) time algorithm. Both of these run times are slower than
the O(mn) run time we calculated using the naive O(mC') run time of Ford-Fulkerson.
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