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Last time

¥ 3-Coloring

Today:
¥ Hamiltonian cycle
¥ 3-D matching

Notes:
¥ PS 7 due Tue Apr 26

¥ Midterm 2: Thu Apr 28, in class, 2:30 - 3:45 pm
I Can bring 1 page (double-sided) wfritten notes



Plan

Hamiltonian Cycle



Classify problems according to computational requirements

Q. Which problems will we be able to solve in practice?

A working definition.  Those with poly-time algorithms.

yes probably no

shortest path longest path
min cut max cut
2-satisfiability 3-satisfiability
planar 4-colorability planar 3-colorability
bipartite vertex cover vertex cover
matching 3d-matching
primality testing factoring

linear programming integer linear programming



Hamilton cycle

HAMILTON-CYCLE Given an undirected graph
cycle ! that visits every node exactly once?

yes

G = (V, E), does there exist a
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Hamilton cycle

HAMILTON-CYCLE Given an undirected graph
cycle ! that visits every node exactly once?

@ & © © ©

no

G = (V, E), does there exist a

& ® &
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Directed Hamilton cycle reduces to Hamilton cycle

DIRECTEBHAMILTON-CYCLE Given a directed graph G = (V, E), does there exist
a directed cycle ! that visits every node exactly once?

Theorem. DIRECTEDHAMILTON-CYCLE" p HAMILTON-CYCLE

Pf. Given a directed graph G = (V, E), construct a graph  G! with 3n nodes.

ONCNE

directed graph G undirected graph G !
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Directed Hamilton cycle reduces to Hamilton cycle

Lemma. G has a directed Hamilton cycle iff G! has a Hamilton cycle.

Pf. "
1 Suppose G has a directed Hamilton cycle !
ri Then G! has an undirected Hamilton cycle (same order). !

Pf. #
1 Suppose G! has an undirected Hamilton cycle 1
[l ! ! mustvisit nodesin G! using one of following two orders:
E, black white blue, black white blug, black white, blue, E
E, black blue white black blue, white, black blue white, E
[l Black nodesin ! ! comprise either a directed Hamilton cycle I in G,
or reverse of one. !
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3-satisPability reduces to directed Hamilton cycle

Theorem. 3-SAT ! , DIRECTEDHAMILTON-CYCLE

Pf. Given aninstance " of 3-SAT, we construct an instance G of
DIRECTEBHAMILTON-CYCLEthat has a Hamilton cycle iff " Is satisfiable.

Construction overview. Let n denote the number of variables in "
We will construct a graph G that has 2" Hamilton cycles, with each cycle
corresponding to one of the 2" possible truth assignments.

=Y



3-satisPability reduces to directed Hamilton cycle

Construction.  Given 3-SAT instance ! with nvariables x and k clauses.
[l Construct Gtohave 2"Hamilton cycles.
[l Intuition: traverse path i from lefttoright ! setvariable x = true.

X1

i
0
Q
Q0

X3
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Intractability: quiz 5 i

Which is truth assignment corresponding to Hamilton cycle below?

A. X =T1rue, x,=true, X3 =true C. x,=falsg x,=false x3="true

B. Xx,=true, x,=true, x;= false D. x,=falsg x,=false x;=false
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3-satisPability reduces to directed Hamilton cycle

Construction.  Given 3-SAT instance ! with nvariables x and k clauses.
Il For each clause: add a node and 2 edges per literal.

node for clause | node for clause k

: SEIIAEEEL _this way connect in this way
X appears in clause - G \ / if Xi appears in clause Cx
N AN AN AN AN A AN

Xi = true >

< Xi = false

42



3-satispabillity reduces to directed Hamilton cycle

Construction.  Given 3-SAT instance ! with nvariables x and k clauses.
Il For each clause: add a node and 2 edges per literal.

(Cl = X! X3! x3) clause node 1 clause node 2 (CZ = X7 ! X5 _3)

X1

X2

X3

3k + 3 ] SR




3-satisPability reduces to directed Hamilton cycle

Lemma. ! is satisfiable iff G has a Hamilton cycle.

Pf. |

1 Suppose 3-SAT instance ! has satisfying assignment
[l Then, define Hamilton cycle

In G as follows:

If Xi =true, traverse row | from left to right

If X =false traverse row 1 from right to left

for each clause C;, there will be at least one row
going in OcorrectO direction to splice clause node
(and we splice in  C; exactly once) !

X",

| In which we are
C; into cycle
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3-satisPability reduces to directed Hamilton cycle

Lemma. ! is satisfiable iff G has a Hamilton cycle.

Pf. |
r\l Suppose G has a Hamilton cycle
[l If " enters clause node C; , it must depart on mate edge.
- nodes immediately before and after Cj are connected by an edge e! E

- removing C; from cycle, and replacing it with edge e yields Hamilton
cycleon Gb {G }
[l Continuing in this way, we are left with a Hamilton cycle ""in

G b {Cq,C,, E, Cyl.
ri Set X; =trueif " "traverses row | left-to-right; otherwise, set  Xxj =false
r\l traversed in OcorrectO direction, and each clause is satisfied. !
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Poly-time reductions

constraint satisfaction

INDEPENDENFSET DIR-HAM-CYCLE

v v

VERTEXCOVER HAM-CYCLE

v
SET-COVER

packing and covering seqguencing
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Pokemon Go

Given the locations of

mammai Lenter

Map: Where to catch
123 Pokémon in
San Francisco

2oint Bonita Lighthouse i

BY ADAM BRINKLOW | OCT 4, 2016, 6:33AM PDT

n PokZmon, find shortest tour to collect them all.
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Traveling salesperson problem

d(u, v),!

Istance function

d

Irwise

TSP. Given a set of ncities and a pa

can view as a complete graph

' D?

IS there a tour of length
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Traveling salesperson problem

TSP. Given a set of n cities and a pairwise distance function
IS there a tour of length | D ?

d(u, v),!

11,849 holes to drill in a programmed logic array
http://www.math.uwaterloo.ca/tsp

59



Hamilton cycle reduces to traveling salesperson problem

TSP. Given a set of n cities and a pairwise distance function d(u, v),!
IS there a tour of length | D ?
|
HAMILTON-CYCLE Given an undirected graph G = (V, E), does there exist a
cycle that visits every node exactly once?
|
Theorem. HAMILTON-CYCLE!  TSP.
Pf.
Il Given aninstance G = (V, E) of HAMILTON-CYCLE, create n= !'V! cities !
with distance function !

! dquv) = L B@WIE

2 B@V)VE

[l TSPinstance has tour of length I niff Ghas a Hamilton cycle. "
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Hamiltonian Path

Hamiltonian Path. Given an undirected grap® = (V, E),
does there exist a patP that visits every node exactly once?

Lemma: Hamiltonian Path p Hamiltonian Cycle



Hamiltonian Path

Hamiltonian Path. Given an undirected grap® = (V, E),
does there exist a patP that visits every node exactly once?

Lemma: Hamiltonian Path " p Hamiltonian Cycle

Proof.
GivenG = (V, E), create a new nod& connected tos andt. G
has Hamiltonian path i! new graptG' has Hamiltonian cycle. [

G G'
e

Lemma: Hamiltonian Cycle " p Hamiltonian Path



Longest Path

Longest Path.  Given an undirected grap® = (V, E), and an
integerk > 0, does there exist a simple path of length at led&st

Lemma: Hamiltonian Path " p Longest Path



Longest Path

Longest Path.  Given an undirected grap® = (V, E), and an
integerk > 0, does there exist a simple path of length at led&st

Lemma: Hamiltonian Path " p Longest Path

Proof.

G has a Hamiltonian path if and only if its longest simple path has
lengthn # 1. O]

¥ But in special graphs can solve e"ciently, e.g. on a DAG



Plan

3-Dimensional Matching



3-dimensional matching

3D-MATCHING. Given ninstructors, ncourses, and ntimes, and a list of the
possible courses and times each instructor is willing to teach, is it possible

to make an assignment so that all courses are taught at different times?

instructor course time

Wayne COS 226 TTh 11D12:20

Wayne COS 423 MW 11BD12:20

Tardos COS 423 TTh 3D4:20

Kleinberg COS 226 TTh 3Db4:20

Kleinberg COS 423 MW 11D12:20
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3-dimensional matching

3D-MATCHING. Given 3disjoint sets X, Y, and Z, each of size nand a set
T! XI'Y! Zoftriples, does there exist a set of ntriples in T such that
each element of X" Y" Zis in exactly one of these triples?

X ={x,%,%}, Y ={vy,VY2ys} Z ={ 72,22}

T, ={x,y2}, T={xy,z} (Ts={x,y,2})
Ti={x Y2z} (Ts={xy:z})
T7:{X3,y1,Z3,}, (TSZ{X'S’yl’ Zl}!) T9:{X37y2’ Zl}

an instance of 3d-matching (with n = 3)

Remark. Generalization of bipartite matching.
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3-dimensional matching

3D-MATCHING. Given 3disjoint sets X, Y, and Z, each of size nand a set
T! XI'Y! Zoftriples, does there exist a set of ntriples in T such that
each element of X" Y" Zis in exactly one of these triples?

Theorem. 3-SAT " ; 3D-MATCHING.
Pf. Given an instance # of 3-SAT, we construct an instance of  3D-MATCHING
that has a perfect matching iff # Is satisfiable.
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3-satisPability reduces to 3-dimensional matching

number of clauses

Construction. (part 1) /
[l Create gadget for each variable  x with 2k core elements and 2ktip ones.

clause 2 tips
o \
O O
clause 1 tips ~ O O
\ © \'\ / 0O
O elements O
O o\
clause 3 tips
o & © o
O

a gadget for variable x i (k=4)
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3-satisPability reduces to 3-dimensional matching

number of clauses

Construction. (part 1) /
'l Create gadget for each variable  x with 2k core elements and 2k tip ones.
r\| No other triples will use core elements.
ri In gadget for Xx;, any perfect matching must use either all gray triples

(corresponding to X =true) or all blue ones (corresponding to X = false).

false

core

clause 1tips ——> O / O O
l o O o O o O
true O O O O O O
o O T o O o O
k=2 clauses ! O <«— clause? tips O O

n = 3 variables
X1 X2 X3



3-satisPability reduces to 3-dimensional matching

Construction. (part 2)
r\l Create gadget for each clause C; with two elements and three triples.
r\| Exactly one of these triples will be used in any 3d-matching.
[l Ensures any perfect matching uses either (i) grey core of X1 Or
(1) blue core of Xz or (iii) grey core of  Xa.

clause 1 gadget

each clause assigned ! Cl = XV x_2 V. Xj
its own 2 adjacent tips O O
false
clause 1tips ——> O core O O
/
l o O o O o O
true O O O O O O
o O o O o O
O O O

X2 X
X1 3 53



3-satisPability reduces to 3-dimensional matching

Construction. (part 3)
r\l There are 2nktips: nkcovered by blue/gray triples; k by clause triples.
[l To cover remaining (nD 1)ktips, create (nD 1)k cleanup gadgets:
same as clause gadget but with  2nk triples, connected to every tip.

clause 1 gadget

CiL= X VX, V X5

o O
false cleanup gadget
clause 1tips —— O /core o O a0
l o O o O O O aa
true O O O O O ®
o O o O o O
O O O

X2 X
X1 3 o



3-satisPability reduces to 3-dimensional matching

Lemma. Instance (X, Y, Z) has a perfect matching iff ! is satisfiable.

Q. Whatare X, Y,and Z?

clause 1 gadget

Ci= X V X, V X3

o O
false cleanup gadget
clause 1tips —— O /core o O a0
l o O o O O O aa
true O O O O O ®
o O o O o O
O O O

X2 X
X1 3 55



3-satisPability reduces to 3-dimensional matching

Lemma. Instance (X, Y, Z) has a perfect matching iff ! is satisfiable.

Q. Whatare X, Y,and Z?
A. X=Dblack Y =white and Z = blue

clause 1 gadget

Ci= X V X, V X3

@ O
false cleanup gadget
, core
clauseltlpI — @ / ® ® ® O
O @ O @ O @ 43
true o o ® ® o o
®@ O ®@ O @ O
| | O

X2 X
X1 3 56



3-satisPability reduces to 3-dimensional matching

Lemma. Instance (X, Y, Z) has a perfect matching iff ! s satisfiable.
Pf. ! If 3d-matching, then assign X according to gadget x.
Pf. " If ! Is satisfiable, use any true literal in Ci to select gadget C; triple. !

clause 1 gadget

Ci= X V X, V X3

@ O
false cleanup gadget
, core
clauseltlpI — @ / ® ® ® O
O @ O @ O @ 43
true o o ® ® o o
®@ O ®@ O @ O
| | O

X X
X1 2 3 57



Poly-time reductions

constraint satisfaction

INDEPENDENFSET DIR-HAM-CYCLE

v v

VERTEXCOVER HAM-CYCLE

v
SET-COVER

packing and covering seqguencing

3-COLOR

partitioning

SUBSEFSUM

KNAPSACK

numerical

77



Plan

Knapsack



My hobby

MY HOBBY:
EMBEDDING NP-(OMPLETE PROBLEMS IN RESTRURANT ORDERS

{ CHOTCHKIES RESTAURAWT

«— APPENZERS —~
MIXED FRUIT 2.15
FRENCH FRIES 2.75
SIDE SALAD 3.35
HOT WINGS 3.55

MOZZAREUA STICKS  H.20
SAMPLER PLATE 5.80 “

RARRELE £ 8%

WED LIKE EXACTLY $§15. 05
WORTH OF APPETIZERS, PLEASE..

{ . EXACTLY?  UHH...

HERE, THESE PAPERS ON THE KNAPSACK /
PROBLEM MIGHT HELP YOU OUT.

LISTEN, I HAVE Six OTHER
TABLES TQ GET T —

—AS FAST RS POSSIRBLE, (F COURSE. WANT
SOMETHING ON TRAVELING SALESNAN?

\
(XILR
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Subset sum

SUBSET-SUM. Given n natural numbers w,, ...,w_and an integer W, is there a
subset that adds up to exactly w?

Ex. {215,215,275,275, 355, 355, 420, 420, 580, 580, 655,655 }, W=1505.
Yes. 215+ 355+ 355 + 580 = 1505.

Remark. With arithmetic problems, input integers are encoded in binary.
Poly-time reduction must be polynomial in binary encoding.
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Knapsack problem

Goal. Pack knapsack so as to maximize total value of items taken.

r\l There are n items: item i provides value v; >0 and weighs w; > 0.

r\| Value of a subset of items = sum of values of individual items.

Il Knapsack has weight limit of W.

Ex. The subset {1,2,5} has value $35 (and weight 10).
Ex. The subset {3,4 } has value $40 (and weight 11).

Assumption. All values and weights are integral.

<> 1 $1 1 kg
> 2 $6 2 kg
—~ % 3 $18  5ke
d', 4 $22 6ke
= 5 $ k

28 7Tke

knapsack instance

Creative Commons Attribution-Share Alike 2.5 (WEIght limitwW =1 1)

by Dake

weights and values
can be arbitrary

/ positive integers
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SUBSET SUM REDUCES TO KNAPSACK

SUBSET-SUM. Given n natural numbers w,,...,w, and an integer W, is there a
subset that adds up to exactly w?

KNAPSACK. Given a set of items X, weights u; =0, values v; =0, a weight limit
U, and a target value V, is there a subset § C X such that:

Zui! U, sz- "y

€S 1€S

Recall. O(n U) dynamic programming algorithm for KNAPSACK.

Challenge. Prove SUBSET-SUM <p KNAPSACK.
Pf. Given instance (wi, ..., w,, W) of SUBSET-SUM, create KNAPSACK instance:
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Subset sum

Theorem. 3-SAT <, SUBSET-SUM.

Pf. Given an instance ® of 3-SAT, we construct an instance of SUBSET-SuUM
that has a solution iff ® is satisfiable.
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Poly-time reductions

INDEPENDENT-SET

v

VERTEX-COVER

v
SET-COVER

packing and covering

constraint satisfaction

DIR-HAM-CYCLE

v
HAM-CYCLE

sequencing

3-COLOR

partitioning

SUBSET-SUM

KNAPSACK

numerical

77
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