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Last time

¥ 3-Coloring

Today:
¥ Hamiltonian cycle
¥ 3-D matching

Notes:
¥ PS 7 due Tue Apr 26

¥ Midterm 2: Thu Apr 28, in class, 2:30 - 3:45 pm
! Can bring 1 page (double-sided) ofwritten notes
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Hamiltonian Cycle

3-Dimensional Matching

Knapsack



Classify problems according to computational requirements

Q.  Which problems will we be able to solve in practice? 

A working definition.   Those with poly-time algorithms.

5

yes probably no

shortest path longest path

min cut max cut

2-satisfiability 3-satisfiability

planar 4-colorability planar 3-colorability

bipartite vertex cover vertex cover

matching 3d-matching

primality testing factoring

linear programming integer linear programming



HAMILTON-CYCLE.  Given an undirected graph G = (V, E), does there exist a 

cycle !  that visits every node exactly once?

Hamilton cycle
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yes



Hamilton cycle

HAMILTON-CYCLE.  Given an undirected graph G = (V, E), does there exist a 

cycle !  that visits every node exactly once?
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Directed Hamilton cycle reduces to Hamilton cycle

DIRECTED-HAMILTON-CYCLE.  Given a directed graph G = (V, E), does there exist 

a directed cycle !  that visits every node exactly once?  

 

Theorem.  DIRECTED-HAMILTON-CYCLE "  P HAMILTON-CYCLE. 

Pf.  Given a directed graph G = (V, E), construct a graph G! with 3n nodes.
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Directed Hamilton cycle reduces to Hamilton cycle

Lemma.  G has a directed Hamilton cycle iff G! has a Hamilton cycle. 

 

Pf.  "  

rì Suppose G has a directed Hamilton cycle ! . 

rì Then G! has an undirected Hamilton cycle (same order).  !  

 

Pf.  #  

rì Suppose G! has an undirected Hamilton cycle ! !. 

rì ! ! must visit nodes in G! using one of following two orders: 

   É, black, white, blue, black, white, blue, black, white, blue, É   

   É, black, blue, white, black, blue, white, black, blue, white, É   

rì Black nodes in ! ! comprise either a directed Hamilton cycle !  in G, 

or reverse of one.   !
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3-satisÞability reduces to directed Hamilton cycle

Theorem. 3-SAT !  P DIRECTED-HAMILTON-CYCLE. 

 

Pf.  Given an instance "  of 3-S AT, we construct an instance G of 

DIRECTED-HAMILTON-CYCLE that has a Hamilton cycle iff "  is satisfiable. 

 

Construction overview.  Let n denote the number of variables in " . 

We will construct a graph G that has 2n Hamilton cycles, with each cycle 

corresponding to one of the 2n possible truth assignments.
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3-satisÞability reduces to directed Hamilton cycle

Construction.  Given 3-S AT instance !  with n variables xi and k clauses. 

rì Construct G to have 2n Hamilton cycles. 

rì Intuition:  traverse path i from left to right  !   set variable xi = true.
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Intractability:  quiz 5
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x3

C. x1 = false, x2 = false, x3 = true  

D. x1 = false, x2 = false, x3 = false

Which is truth assignment corresponding to Hamilton cycle below?

A.  x1 = true, x2 = true, x3 = true 

B.  x1 = true, x2 = true, x3 = false



Construction.  Given 3-S AT instance !  with n variables xi and k clauses.  

rì For each clause:  add a node and 2 edges per literal.

3-satisÞability reduces to directed Hamilton cycle

42

Cj Ck

xi = true

xi = false

xi

connect in this way 
if xi appears in clause Cj

node for clause j

connect in this way 
if xi appears in clause Ck

node for clause k



Construction.  Given 3-S AT instance !  with n variables xi and k clauses.  

rì For each clause:  add a node and 2 edges per literal.

3-satisÞability reduces to directed Hamilton cycle

433k + 3

x1

x2

x3

clause node 1C1 = x1 ! x2 ! x3 clause node 2 C2 = x1 ! x2 ! x3
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3-satisÞability reduces to directed Hamilton cycle

Lemma.   !  is satisfiable iff G has a Hamilton cycle. 

 

Pf.  !   

rì Suppose 3-SAT instance !  has satisfying assignment x*. 

rì Then, define Hamilton cycle "  in G as follows: 

- if x*
i = true, traverse row i  from left to right 

- if x*
i = false, traverse row i from right to left 

- for each clause Cj , there will be at least one row i in which we are 

going in ÒcorrectÓ direction to splice clause node Cj into cycle 

(and we splice in Cj exactly once)   !
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3-satisÞability reduces to directed Hamilton cycle

Lemma.   !  is satisfiable iff G has a Hamilton cycle. 

 

Pf.  !   

rì Suppose G has a Hamilton cycle " . 

rì If "  enters clause node Cj , it must depart on mate edge. 

- nodes immediately before and after Cj are connected by an edge e !  E 

- removing Cj from cycle, and replacing it with edge e yields Hamilton 

cycle on G Ð { Cj  }  

rì Continuing in this way, we are left with a Hamilton cycle " " in 

G  Ð { C1 , C2 , É,  Ck } . 

rì Set x*
i = true if " " traverses row i left-to-right; otherwise, set x*

i = false. 

rì traversed in ÒcorrectÓ direction, and each clause is satisfied.   !
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Poly-time reductions

46

3-SAT

DIR-HAM-CYCLEINDEPENDENT-SET

VERTEX-COVER

3-COLOR

HAM-CYCLE

SUBSET-SUM

KNAPSACK

SET-COVER

packing and covering sequencing partitioning numerical

constraint satisfaction

3-SAT poly-tim
e re

duces 

to I NDEPENDENT-SET



Pokemon Go

Given the locations of n PokŽmon, find shortest tour to collect them all.

 57



Traveling salesperson problem

TSP.  Given a set of n cities and a pairwise distance function d(u, v),!

is there a tour of length !  D ?

 58

13,509 cities in the United States
http://www.math.uwaterloo.ca/tsp

can view as a complete graph



Traveling salesperson problem

TSP.  Given a set of n cities and a pairwise distance function d(u, v),!

is there a tour of length !  D ?

 59

11,849 holes to drill in a programmed logic array
http://www.math.uwaterloo.ca/tsp



Hamilton cycle reduces to traveling salesperson problem

TSP.  Given a set of n cities and a pairwise distance function d(u, v),!

is there a tour of length !  D ? 

!

HAMILTON-CYCLE.  Given an undirected graph G = (V, E), does there exist a 

cycle that visits every node exactly once? 

!

Theorem.  HAMILTON-CYCLE !  P TSP. 

Pf. 

rì Given an instance G = (V, E) of HAMILTON-CYCLE, create n = !V ! cities !

with distance function !

!

rì TSP instance has tour of length   !   n iff G has a Hamilton cycle.  "

 61

d(u, v) =

!
1 �B�7(u, v) ! E
2 �B�7(u, v) /! E

<latexit sha1_base64="6OEstdg1l/HQ1vgyUxotmP5V4fA="></latexit><latexit sha1_base64="6OEstdg1l/HQ1vgyUxotmP5V4fA="></latexit><latexit sha1_base64="6OEstdg1l/HQ1vgyUxotmP5V4fA="></latexit><latexit sha1_base64="6OEstdg1l/HQ1vgyUxotmP5V4fA="></latexit>
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Hamiltonian Path

Hamiltonian Path. Given an undirected graphG = ( V, E),
does there exist a pathP that visits every node exactly once?

Lemma: Hamiltonian Path " P Hamiltonian Cycle

Proof.
GivenG = ( V, E), create a new nodex connected tos and t. G
has Hamiltonian path i! new graphG! has Hamiltonian cycle.

Lemma: Hamiltonian Cycle " P Hamiltonian Path
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Hamiltonian Path

Hamiltonian Path. Given an undirected graphG = ( V, E),
does there exist a pathP that visits every node exactly once?

Lemma: Hamiltonian Path " P Hamiltonian Cycle

Proof.
GivenG = ( V, E), create a new nodex connected tos and t. G
has Hamiltonian path i! new graphG! has Hamiltonian cycle.

262 Algorithms

Figure 8.7 Reductions between search problems.

3D M ATCH I N G

RU DRATA CYCL ESU BSET SU M

TSP

I L P

ZOE

All of NP

SAT

3SAT

VERTEX COVER

I N DEPEN DEN T SET

CL I QU E

8.3 The reductions

We shall now see that the search problems of Section 8.1 can be reduced to one another as
depicted in Figure 8.7. As a consequence, they are all NP -complete.

Before we tackle the speciÞcreductions in the tree, letÕs warm up by relating two versions
of the Rudrata problem.

RU DRATA (s, t)-PATH! " RU DRATA CYCL E

Recall the RU DRATA CYCL E problem: given a graph, is there a cycle that passesthrough each
vertex exactly once? We can also formulate the closely related RU DRATA (s, t)-PATH problem,
in which two vertices s and t are speciÞed, and we want a path starting at s and ending at t
that goesthrough each vertex exactly once. Is it possible that RU DRATA CYCL E is easier than
RU DRATA (s, t)-PATH? We will show by a reduction that the answer is no.

The reduction maps an instance (G = (V, E), s, t) of RU DRATA (s, t)-PATH into an instance
G! = (V !, E !) of RU DRATA CYCL E as follows: G! is simply G with an additional vertex x and
two new edges { s,x} and { x, t} . For instance:

G G!

s

tt

s

x

Lemma: Hamiltonian Cycle " P Hamiltonian Path
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Longest Path

Longest Path. Given an undirected graphG = ( V, E), and an
integerk > 0, does there exist a simple path of length at leastk?

Lemma: Hamiltonian Path " P Longest Path

Proof.
G has a Hamiltonian path if and only if its longest simple path has
length n # 1.

¥ But in special graphs can solve e"ciently, e.g. on a DAG
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Longest Path

Longest Path. Given an undirected graphG = ( V, E), and an
integerk > 0, does there exist a simple path of length at leastk?

Lemma: Hamiltonian Path " P Longest Path

Proof.
G has a Hamiltonian path if and only if its longest simple path has
length n # 1.

¥ But in special graphs can solve e"ciently, e.g. on a DAG
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3-dimensional matching

3D-MATCHING.  Given n instructors, n courses, and n times, and a list of the 

possible courses and times each instructor is willing to teach, is it possible 

to make an assignment so that all courses are taught at different times?

48

instructor course time

Wayne COS 226 TTh 11Ð12:20

Wayne COS 423 MW 11Ð12:20

Wayne COS 423 TTh 11Ð12:20

Tardos COS 423 TTh 3Ð4:20

Tardos COS 523 TTh 3Ð4:20

Kleinberg COS 226 TTh 3Ð4:20

Kleinberg COS 226 MW 11Ð12:20

Kleinberg COS 423 MW 11Ð12:20



3-dimensional matching

3D-MATCHING.  Given 3 disjoint sets X, Y, and Z, each of size n and a set 

T  !   X !  Y !  Z of triples, does there exist a set of n triples in T such that 

each element of X "  Y "  Z is in exactly one of these triples? 

 

 

 

 

 

 

 

 

 

 

 

 

Remark.  Generalization of bipartite matching.

49

X  = { x1, x2, x3 }, Y  = { y1, y2, y3 }, Z  = { z1, z2, z3 }

T1 = { x1, y1, z2 }, T2 = { x1, y2, z1 }, T3 = { x1, y2, z2 }

T4 = { x2, y2, z3 }, T5 = { x2, y3, z3 },

T7 = { x3, y1, z3 }, T8 = { x3, y1, z1 }, T9 = { x3, y2, z1 }

an instance of 3d-matching (with n = 3)



3-dimensional matching

3D-MATCHING.  Given 3 disjoint sets X, Y, and Z, each of size n and a set 

T  !   X !  Y !  Z of triples, does there exist a set of n triples in T such that 

each element of X "  Y "  Z is in exactly one of these triples? 

 

Theorem.  3-SAT "  P 3D-MATCHING. 

Pf.  Given an instance #  of 3-SAT, we construct an instance of 3D-MATCHING 

that has a perfect matching iff #  is satisfiable.
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3-satisÞability reduces to 3-dimensional matching

Construction.  (part 1)  

rì Create gadget for each variable xi with 2k core elements and 2k tip ones.

51

number of clauses

a gadget for variable x i (k = 4)

clause 1 tips

clause 2 tips

clause 3 tips

core

elements



3-satisÞability reduces to 3-dimensional matching

Construction.  (part 1)  

rì Create gadget for each variable xi with 2k core elements and 2k tip ones. 

rì No other triples will use core elements. 

rì In gadget for xi, any perfect matching must use either all gray triples 

(corresponding to xi = true) or all blue ones (corresponding to xi = false).

52

number of clauses

true

false

k = 2 clauses !

n = 3 variables

x1 x3x2

clause 1 tips core

clause 2 tips



3-satisÞability reduces to 3-dimensional matching

Construction.  (part 2)  

rì Create gadget for each clause Cj with two elements and three triples. 

rì Exactly one of these triples will be used in any 3d-matching. 

rì Ensures any perfect matching uses either (i) grey core of x1 or 

(ii) blue core of x2 or (iii) grey core of x3.

53x1 x3x2

clause 1 tips

true

false

each clause assigned !

its own 2 adjacent tips

clause 1 gadget

C1

core



3-satisÞability reduces to 3-dimensional matching

Construction.  (part 3)    

rì There are 2 n k tips:  n k covered by blue/gray triples; k by clause triples.  

rì To cover remaining (n Ð 1) k tips, create (n Ð 1) k cleanup gadgets: 

same as clause gadget but with 2 n k triples, connected to every tip.

54x1 x3x2

clause 1 tips

clause 1 gadget

true

false

C1

core

cleanup gadget

ááá



3-satisÞability reduces to 3-dimensional matching

Lemma.  Instance (X, Y, Z) has a perfect matching iff !  is satisfiable. 

 

Q.  What are X, Y, and Z ?

x1 x3x2

clause 1 tips

55

clause 1 gadget

true

false

C1

core

ááá

cleanup gadget



3-satisÞability reduces to 3-dimensional matching

Lemma.  Instance (X, Y, Z) has a perfect matching iff !  is satisfiable. 

 

Q.  What are X, Y, and Z ? 

A.   X = black, Y = white, and Z = blue.

56

clause 1 gadget

true

false

x1 x3x2

clause 1 tips

C1

core

cleanup gadget

ááá



3-satisÞability reduces to 3-dimensional matching

Lemma.  Instance (X, Y, Z) has a perfect matching iff !  is satisfiable. 

 

Pf.  !   If 3d-matching, then assign xi according to gadget xi. 

Pf.  "   If !  is satisfiable, use any true literal in Cj to select gadget Cj triple. !

57

clause 1 gadget

true

false

x1 x3x2

clause 1 tips

C1

core

cleanup gadget

ááá



Poly-time reductions

77

3-SAT

DIR-HAM-CYCLEINDEPENDENT-SET

VERTEX-COVER

3-COLOR

HAM-CYCLE

SUBSET-SUM

KNAPSACK

SET-COVER

numerical

constraint satisfaction

packing and covering sequencing partitioning

3-SAT poly-tim
e re

duces 

to I NDEPENDENT-SET
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My hobby

70

NP-Complete by Randall Munro
http://xkcd.com/287

Creative Commons Attribution-NonCommercial 2.5



Subset sum

SUBSET-SUM.  Given n natural numbers w1, …, wn and an integer W, is there a 

subset that adds up to exactly W ? 
 

Ex.  { 215, 215, 275, 275, 355, 355, 420, 420, 580, 580, 655, 655 },  W = 1505. 

Yes.  215 + 355 + 355 + 580 = 1505. 

 

Remark.  With arithmetic problems, input integers are encoded in binary. 

Poly-time reduction must be polynomial in binary encoding.
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Knapsack problem

Goal.  Pack knapsack so as to maximize total value of items taken. 

rì There are n items:  item i provides value vi  > 0 and weighs wi  > 0. 

rì Value of a subset of items = sum of values of individual items. 

rì Knapsack has weight limit of W. 

 

Ex.  The subset { 1, 2, 5 } has value $35 (and weight 10). 

Ex.  The subset { 3, 4 } has value $40 (and weight 11). 

 

Assumption.  All values and weights are integral.

32

weights and values 
can be arbitrary 
positive integers

$28 7 kg

$22 6 kg

$6 2 kg

$1 1 kg

$18 5 kg

11 kg

Creative Commons Attribution-Share Alike 2.5 
by Dake

i vi wi

1 $1 1 kg

2 $6 2 kg

3 $18 5 kg

4 $22 6 kg

5 $28 7 kg

knapsack instance
(weight limit W = 11)



SUBSET SUM REDUCES TO KNAPSACK

SUBSET-SUM.  Given n natural numbers w1, …, wn and an integer W, is there a 

subset that adds up to exactly W ? 
 

KNAPSACK.  Given a set of items X, weights ui  ≥ 0, values vi  ≥ 0, a weight limit 

U, and a target value V, is there a subset S  ⊆ X such that: 

 

 

 

 

Recall.  O(n U) dynamic programming algorithm for KNAPSACK. 

Challenge.  Prove SUBSET-SUM ≤ P KNAPSACK. 

Pf.  Given instance (w1, …, wn, W) of SUBSET-SUM, create KNAPSACK instance:

76

�

i�S

wi � W,
�

i�S

wi � W
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ui = vi = wi

U = V = W
<latexit sha1_base64="ztepsKcxWrMsucCEazMymKjWj2M="></latexit><latexit sha1_base64="ztepsKcxWrMsucCEazMymKjWj2M="></latexit><latexit sha1_base64="ztepsKcxWrMsucCEazMymKjWj2M="></latexit><latexit sha1_base64="ztepsKcxWrMsucCEazMymKjWj2M="></latexit>
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i�S

ui ! U,
�

i�S

vi " V
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$28 7 kg

$22 6 kg

$6 2 kg

$1 1 kg

$18 5 kg

11 kg



Subset sum

Theorem.  3-SAT ≤ P SUBSET-SUM. 

 

Pf.  Given an instance Φ of 3-SAT, we construct an instance of SUBSET-SUM 

that has a solution iff Φ is satisfiable.
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Poly-time reductions

77

3-SAT

DIR-HAM-CYCLEINDEPENDENT-SET

VERTEX-COVER

3-COLOR

HAM-CYCLE

SUBSET-SUM
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SET-COVER
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packing and covering sequencing partitioning
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