CPSC 365 / ECON 365: Algorithms March 8, 2022

Lecture 13
Lecturer: Andre Wibisono Scribe: Rohit Giridharan

1 High-Level Overview

This lecture covers dynamic programming algorithms to solve the following problems:
e All-Pairs Shortest Paths: the shortest path between all pairs of nodes in a graph.

e Longest Increasing Subsequence: find the longest subsequence of a list such that the
subsequence is in the same order as the original list and is increasing.

2 All-Pairs Shortest Paths

2.1 Review

Recall that we are working with a directed graph G = (V, E) (if G is undirected, we can represent
this with directed edges going both ways). Every edge e € E has an associated weight w(e) € R,
which is oo if the edge does not exist. Formally, for every pair of vertices (i, j):

wli j):{w(e) e=(i,j) € E
’ too (i,j)¢ E

The shortest distance between two vertices u and v, denoted by §(u,v), is defined as the minimum
possible weight of any path P between u and v, where P is a list of edges. Formally:

o(u,v) = PI:I}Lti w(P)

w(P) =Y wle)
eeP
Again, when computing shortest paths, we assume negative cycles do not exist. If there were a
negative cycle, a path could go around that cycle an arbitrary number of times to get an arbitrarily
small value for the shortest path.

So far, all the shortest path algorithms we have seen have been single-source shortest path algo-
rithms. In other words, for some vertex s € V, we compute §(s,v) Vv € V. For the following
graphs, these are the algorithms we use:
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Graph Algorithm Runtime
G is unweighted (w(e) = 1) BFS (Breadth-First Search) O(|V|+|E|)
G is weighted (w(e) > 0) Dijsktra’s Algorithm O((IV|+ |E|)log |V])
G is weighted (w(e) € R) and is a DAG Topological Sort + DP O(|V]+|E])
G is a weighted, cyclic graph Bellman-Ford o(V|-|E|)

These all work for single-source problems. What about for problems where there is not one source?

2.2 Algorithm

Assume we have G = (V, E) which is a directed, weighted (w(e) € R) graph with no negative
cycles. Our goal is to compute (i, j) for every i,7 € V. In other words, we want to find the
shortest distance from every vertex to every other vertex. Again, the distance is defined as the
length of the shortest path:

Naively, we can simply run Bellman-Ford |V| times, once on each vertex u € V. Each iteration will
give us d(u,v) Vv € V, which is the shortest distance from u to every other vertex v € V. Doing
this on every vertex will give §(u, v) for any pair of vertices (u,v). For runtime, since we are running
Bellman-Ford |V| times, the runtime is |V| times the runtime of one iteration: O(|V|-|E|). So, the
runtime of this approach is |[V| x O(|V] - |E|) = O(|[V|? - |E|). Note that since there are |V/|* edges
in the worst case, |E| = O(|V|?) and we can rewrite the overall runtime as O(|V[*). But, we can
actually do better: this problem can be solved in O(|V|?) time using a dynamic programming-based
algorithm known as the Floyd-Warshall algorithm.

2.2.1 All-Pairs, Approach 1

The first approach to the All-Pairs problem is quite similar to Bellman-Ford.

1. Table Entries: Recall that in the Bellman-Ford algorithm, the table entries we were keeping
track of were d(v,m), where d(v,m) is the minimum distance from s to v using at most m
edges. We can use a very similar table here, where each entry d(i, j,m) is the length of the
shortest path from ¢ to j using at most m edges. The final answer is (i, j) = d(i,j,n — 1),
where n is the number of vertices. Recall that in a graph with no negative cycles, the shortest
path must be a simple path (no vertices are repeated). So, any path between two vertices
can have at most n — 1 edges.

2. Recurrence: Similar to Bellman-Ford, we want to use some table entries from the previous
section. So, if we are filling out 6(, j, m), we want to use entries §(a, b, m—1) for some vertices
a and b.
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Let’s work in reverse: assume we have a shortest path P from ¢ to j with at most m edges.
We want d(i, j,m) = w(P). Consider the last edge of P: let’s call it (k,j). Let P, be the
subpath along P from i to k. Equivalently, Py, = P\ (k,j). Here is a diagram of P:

Figure 1: Path P from i to j, with last edge (&, j)

P, is clearly P without its last edge. So, we can say the following:

(a) w(P) =w(Pi) + w(k,j): the weight of P is the weight of the subpath without the last
edge plus the weight of the last edge.

(b) Since Pj; has one less edge than P, this means Py is a path from i to &k in at most m — 1
edges.

(¢) Claim: P;; must be a shortest path from i to k with at most m — 1 edges.

To prove this, assume the contrary: suppose there exists some path Py, from i to k using
at most m — 1 edges such that w(P;;) < w(Pj). Then, construct a path P = P, U(k, j),

which is a new path from i to j. The weight of this new path is w(P) = w(Py) +w(k, j).

By assumption, w(Py) +w(k, j) < w(Py,) +w(k, 7). But, w(Py,) +w(k, j) = w(P) from

(a), so w(P) < w(P). This contradicts the choice of P as a shortest path, so we reject
the assumption that Pj; is not a shortest path from i to k with at most m — 1 edges.

(d) Therefore, based on our table entries, w(P;;) = d(i, k,m —1). So, this allows us to make
the following relation for the table entries:

w(P) = w(P) + w(k, j)
d(i, j,m) = d(i, k,m — 1) + w(k, j)
(e) We can use the relation above to define a recurrence for the table entries. Like in
Bellman-Ford, it is also possible that the shortest path from i to j uses fewer than m

edges, in which case we can use the value from d(i, j, m — 1). So, the overall recurrence
is:

d(i,j,m) = min |d(i,j,m — 1),

in (d(i,k,m—1 k., j
(im0 km = 1) + w(k, )

For base cases, recall that in Bellman-Ford we set d(s,i) = 0if i = s and d(s,i) = oo if i # s.
We can do the same thing here:



3. Pseudocode: Algorithm [I] implements this.

Algorithm 1: All-Pairs Shortest Paths, Method 1
1 def AllPairsShortestPaths(G, w):

/* Input: a graph G = (V,FE) and edge weights w */

2 n = number of vertices in V

3 fori=1,...,ndo

4 for j=1,...,ndo

5 if i == j then d(i,5,0) =0

6 else d(i,7,0) = 00

7 end

8 end

9 form=1,...,n—1do

10 fori=1,...,ndo

11 for j=1,...,ndo

12 p = minge aq5(;) d(i, k,m — 1) + w(k, j)
13 d(i,j,m) = min(d(i, j,m — 1), p)

14 end
15 end
16 end
17 return d(:, :;, n — 1)

4. Running Time: There are a few things to consider for the running time:

(a) We need to fill in d. We know that i,7 =1,...,nand m =0,1,...,n — 1. So, there are
O(|V]?) entries.

(b) For each entry d(i,j, m), we iterate through each neighbor of j. So, computing d(i, j, m)
takes O(deg(j)) time. If we fix ¢ and m and sweep through j, then computing d(i,:, m)
takes ).y deg(j) = 2|E| iterations, which is O(|E]).

(c) Computing d(:, :, :) involves doing a O(|E|) operation for |V|? entries. So, the overall
runtime is O(|V|? x |E|).

This is actually the same runtime as the naive approach where we simply run Bellman-Ford
for every vertex.

So, this approach is not better than the naive solution. Fortunately, there is a better way to define
the subproblems which will allow us to get a better runtime!
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2.2.2 All-Pairs, Approach 2: Floyd-Warshall

The second approach was first published by Robert Floyd in 1962 (here), but the algorithm is
quite similar to previously published algorithms by Bernard Roy and Stephen Warshall. In this
algorithm, instead of looking at the number of edges we are allowed to use in a path like in Approach
1, we instead look at the possible intermediate vertices. So, if on a path P from i to j we have
intermediate nodes ki, ..., k;, such that P = (i, k1,...,k;, J)

1

O-O-O- OO0

Figure 2: Path P from i to j, with intermediate nodes k1, ..., k;

we restrict the possible intermediate nodes k1, ..., k; and slowly relax this restriction as we progress
through the algorithm.

1. Table Entries: In this algorithm, we keep track of table entries dist(i, j, k), which is the
length of the shortest path from ¢ to j with intermediate nodes only in the set {1,..., k}.
We assume we have vertices {1,...,n}. The ordering of V' is not important; there is no
topological ordering, for example. So, for 1 < k < n, at time k, we only allow vertices 1
through k to be used as intermediate nodes. Note that this does not mean we have to go in
order from 1 to k; just that we only use vertices in that set. The final answer we return is
dist(i,j,n), where we are permitting every vertex to be used as intermediate nodes.

2. Recurrence: We claim the following;:
dist(i, j, k) = min |dist(i,j,k — 1), dist(i, k, k — 1) + dist(k,j,k— 1)

To prove this, let P be a shortest path from ¢ to j that uses intermediate nodes in {1,..., k}.
So, w(P) = dist(i, j, k) by construction. There are two options here: either P uses vertex k,
or not. Let’s look at each case:

(a) Option 1: P does not use k. Then, P is a path from i to j that only uses vertices
{1,...,k — 1} as intermediate nodes. P must be the shortest such path, so w(P) =
dist(i,j,k — 1). This is for a very similar reason to the claim in the first approach. If
there were a shorter path P’ from i to j using vertices in {1,...,k — 1} as intermediate
vertices, then since P also does not use vertex k, that means P’ is shorter than P and
also uses only vertices in {1,...,k}. This is a contradiction of our assumption that P is
a shortest path. So, in this case, dist(i,7, k) = dist(i, 7,k — 1).

(b) Option 2: P uses k. Note that P only passes through k once, because there are no
negative cycles in G and therefore every shortest path is simple. So, P is as follows:
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Figure 3: Path P from i to j, with intermediate node k

Now, let’s partition P into the subpaths Pj, from i to k and Pj; from k to j. So,
P = (P, Py;). We can say the following:

e P, must be a shortest path from ¢ to k using only vertices in {1,...,k — 1} as
intermediate vertices (since the path to k obviously does not have to include k as
an intermediate vertex). So, w(P;;) = dist(i, k, k — 1). If there were a shorter path
P, from i to k, then we could compose P}, with Pj; to get a path from ¢ to j using
vertices in {1, ..., k} that is shorter than P. This is a contradiction of our choice of
P, so P;;, must be the shortest such path.

e Using the same logic, Py; must be a shortest path from i to k using only vertices
{1,...,k — 1} as intermediate vertices. So, w(Py;) = dist(k,j,k —1).

So, to get w(P), we can add the two values:
dist(i,j, k) = w(P) = w(Py) + w(Py; )
=dist(i, k,k— 1) +dist(k,j,k—1)
Combining these two, we get an expression for the overall recurrence:
dist(i,, k) = min |dist(i,j,k — 1), dist(i,k, k — 1) + dist(k,j, k — 1)

For base cases, we want to look at cases where there are no intermediate nodes allowed (i.e.
dist(i,7,0)). We can only reach j from node i without any intermediate nodes if either 1)
i=7j,o0r2)(i,j) € E. So, the bases cases are:

0 1=7
dist(i,j,0) = w(i,j) (i,4) € E
00 else

3. Pseudocode: Algorithm [2] implements this.
4. Running Time: There are a few things to consider for the running time:

(a) We need to fill in dist. We know that 4,7,k = 1,...,n. So, there are O(|V|?) entries.

(b) For each entry d(i, j, k), filling in the entry takes O(1) times because we are only doing
constant-time array accesses and a constant-time minimum operations. So, the overall
runtime is O(|V[?).
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Algorithm 2: Floyd-Warshall

1 def AllPairsShortestPaths(G, w):
/* Input: a graph G = (V,FE) and edge weights w
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n = number of vertices in V
fori=1,...,ndo
for j=1,...,ndo

else dist(i,7,0) = 00

end
end
form=1,...,ndo
fori=1,...,ndo

for j=1,...,ndo

end

end
end
return d(:, :, n)

if (i,j) € E then dist(i,7,0) = w(i,j)

dist(i, j, k) = min |dist(i, 5,k — 1), dist(i, k, k — 1) + dist(k,j,k— 1)
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This is a better runtime than the naive approach and the first approach we tried.

So, Floyd-Warshall can be used to calculate the shortest path between any two vertices in O(|V|?)
time, which is better than the naive approach of running Bellman-Ford on every vertex.

Although Floyd-Warshall assumes there are no negative cycles in the graph, it can actually be
used to detect negative cycles if they exist. Floyd-Warshall computes the distance from every
node to every other node, including itself. Consider the table entry dist(i,i,n). Take the cycle
C = (i,k1, ko, ..., k;,1). If this is a negative cycle (w(C) < 0), then we would find a path from i
back to itself with a value smaller than 0, meaning dist(7,4,n) would end up with a value smaller
than 0. So, while running the algorithm, we continually check if dist(i,7,k) < 0 for any vertex 4
and the set of allowed intermediate vertices {1,...,k}. If so, then we have found a negative cycle
and can halt the algorithm if needed.

3 Longest Increasing Subsequence

3.1 Problem
Say we have a sequence of numbers A = (ai,...,a,). We want to find a subsequence of A. A
subsequence is defined as any subset of A taken in order, of the form A" = (a;,,a;,,. .., a;,) where

1 <14 <19 <--- <1, <n. Note that A" does not have to be contiguous: it is not necessary that
the elements are right next to each other in A. Formally, it is not necessary that i;.1 =i; +1. A
subsequence is increasing if a;;, < a;, < --- < a;,. Our goal is to find the length of the longest
possible such subsequence. Here are a few examples:

e A=(5,2,8,6,3,6,9,7). The longest increasing subsequence is (2, 3,6,9) with length 4.

e A=(8,3,2,1,6,3,4,9). The longest increasing subsequence is either (1,3,4,9) or (2,3,4,9),
both of which have length 4. Note that (3,3,4,9), while it has the same length, does not
count because it is not strictly increasing.

e A=1(9,8,7,53,1). Since A is decreasing, there are no increasing subsequences longer than
a single element, so the longest possible length is 1.

We can actually represent this problem using a graph. Given A = (aq,...,a,), we can draw a
graph G = (V, E) where:

e We have vertices V = {1,...,n}

e We have edges (i,j) € E if and only if ¢ < j and a; < aj. So, edges only go from i to j if
index i is before index j in the sequence A and if the value at index i is strictly less than the
value at index j.
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Now, we observe a couple of things:

e G is a Directed Acyclic Graph (DAG). This is because edges only go from i to j if i < j, so
there are no edges going the other direction. So, it is impossible to have a cycle.

e (G is topologically sorted, simply by construction of G: we only draw edges from left to right
(from smaller indices to larger indices).

Now, the question of the longest increasing subsequence in A becomes the problem of finding the
longest path in G. Intuitively, this is because we are drawing edges in G only between values that
can be in an increasing subsequence together. Figure [4|shows the DAG for the first example above.

Figure 4: DAG representing the sequence A = (5,2,8,6,3,6,9,7) with longest subsequence/path in red.

Formally, we have to show that there is an increasing subsequence of length k£ in A if and only if
there is a path of length k£ in G. Here is a quick proof:

e =: If we have an increasing subsequence A’ of length k in A, construct a path P in G as
follows:

1. Let i be the index in A of the first element in A’ (call this A’[0]). Let j be the index in
A of the second element in A’ A'[1].

2. Add vertices 7 and j to the path.
3. Repeat (1) and (2) for all values in A" from A’[0] to A’'[k — 2].

This is a valid path by construction. We only add edges between subsequent values in A’. By
definition of A’ as an increasing subsequence, this means that when we add an edge between
values a; and a;1, the index of a; in A is less than that of a;41 and a; < a;+1. By construction
of GG, this edge must exist, so the path we constructed exists. Finally, we are adding k£ — 1
edges to the path. Since GG is a DAG, this is a simple path, and therefore there are k vertices
along this path. So, the length of this path is k, which is the same as the length of A’.

e «: If we have a path P in G of length k, construct an increasing subsequence A’ of length k
in A as follows:
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1. Let the path P = (v1,v2,...,vx) be a sequence of vertices in G. Let a,, denote the

number represented by vertex v;.

2. Set A" = (auyy, Quyy- - - Gy )-

By construction of G, since the order of vertices from left to right in G corresponds to the
same order in A, the list we constructed is a valid subsequence. And, we know that a,, < a,
for i < j, since this is a required condition for there to be an edge between v; and v;. Since
this applies to every vertex in the path P, this means that a,, < a,, < --- < ay,, so the
subsequence we constructed is increasing. There are k such vertices, so the subsequence has
length k. So, the path corresponds to an increasing subsequence of length k.

So, we can solve the longest increasing subsequence problem by considering the longest possible
path in the constructed DAG G.

3.2 Algorithm

Using the transformation into a DAG, we can use a dynamic programming algorithm to solve the

problem of the longest path (and the longest increasing subsequence).

1. Table Entries: We maintain an array L of size n, where n is the number of vertices in the
graph (which is the length of the sequence A). Each entry L(j) is the length of the longest
path that ends in vertex j, which corresponds to the longest increasing subsequence ending
in A[j]. The final answer, which is the length of the longest path in G, is

k= max L(j)

2. Recurrence: Consider entry L(j), which is the length of the longest path ending in vertex
J (call this path Pj). Assume that there are incoming edges to j (if not, the length of the
longest path ending at j is 1). The last edge of P;, (i,7), comes from a neighbor ¢ of j.
Due to the topological ordering, ¢ must be an earlier node than j, since edges go from left
to right. Take the subpath of P; that does not include the last edge, P, = P;\(4,j). Note
that this must be the longest path to i. If there were a longer path P/, we could construct
P} = P; + (i,7) which has longer length than P;. This contradicts our assumption that P; is
the longest path to j. So, P; is the longest path to ¢ and therefore L(i) = len(F;). Since P; is
one edge longer than P, len(P;) = len(P;) + 1 and L(j) = L(i) + 1. Since we can use any of
the neighbors of j, we have to minimize over all the possible neighbors. So, we arrive at the
final recurrence:

_ 1 7 has no incoming edges
L) = 1+ max L(i) else
i:(3,j)€E
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3. Pseudocode: Algorithm [3]implements this. Note that since vertex 1 has no incoming edges,
it is initialized first, and we find values in L in order after that. So, we will never compute
the value of L[j] without having computed the values of all its incoming neighbors. And,
this algorithm returns the length of the path/subsequence: we would need backpointers to
reconstruct the path/subsequence.

Algorithm 3: Longest Subsequence

1 def LongestSubsequence(4):
/* Input: a list A of numbers x/
Let V={1,...,n}
Let E={(i,j) :i < j and a; < a;}
Let G = (V,E)
for j=1,2,...,ndo
if numIncomingEdges(j) == 0 then
| LG)=1
else

L(j) =14+ max L(z
(]) :(3,5)EE ()

© W g O LA W N

10 end

11 return max L(j)
j=1,...n

4. Running Time: We are filling an array of size n. For each entry, we need to iterate through
all the incoming edges. So, we will end up going through every edge in G exactly once. So,
there will be |E| iterations to fill in all the entries, and the overall runtime is O(|E|) = O(n?).

So, we can use this O(n?) algorithm to find the length of the longest increasing subsequence.
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