CPSC 365 / ECON 365: Algorithms April 7, 2022

Lecture 20

Lecturer: Andre Wibisono Scribe: John Lazarsfeld

1 Overview

This lecture continues our introduction on complexity and the concept of polynomial time reduc-
tions. We mostly follow Section 8.2 in the KT textbook.

1.1 Recap From Lecture 19

In the previous lecture, we defined the notion of a reduction between two problems X and Y.
In particular, we say that Y can be reduced in polynomial time to X, denoted by Y <, X if
(informally):

(i) We can reduce (transform) an instance of Y into an instance of X in polynomial time.

(ii) An algorithm that solves instances of X can be used (a polynomial number of times) to solve
instances of Y.

Recall that using this definition of reducibility allows us to characterize the relative “hardness” of
two problems. For example, if Y <, X, then we consider X to be “at least as hard as” Y, since
any computational lower bounds on Y will also apply to X. In the other direction, if we can solve
X efficiently, then Y <, X also implies that we can solve Y efficiently.

In previous lectures we’ve seen several examples of these reductions:

e Bipartite-Matching <, Max-Flow

e Independent-Set <, Vertex-Cover

o Vertex-Cover <, Independent-Set

e Vertex-Cover <, Set-Cover
Note also that these polynomial reductions are transitive in the following sense:
Lemma 1. If Z <, Y and Y <, X, then Z <, X.

The proof of this statement follows from composing algorithms for X and Y: we can solve an
instance of Z using an algorithm for Y (since Z <, Y), and we can simulate an algorithm for Y
via an algorithm for X (wince Y <, X).
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1.2 Today’s Focus and Motivation

With the transitivity property of Lemma [1| in mind, today we will introduce a new family of
problems involving Boolean formulae known as satisfiability problems. We will work toward showing
that 3-SAT (a special type of satisfiability problem) reduces to Independent-Set, i.e.:

3-SAT <, Ind-Set .

The main consequence of this new reduction is that, given the transitivty lemma and the list of

reductions established in previous lectures:
3-SAT <, Ind-Set <, Vertex-Cover <, Set-Cover .

This highlights the generality of 3-SAT (and Boolean satisfiability problems in general) for mod-
eling other types of problems, including graph and set-based problems. Thus understanding the
properties of these satisfiability problems is an essential component of complexity theory.

We will procced by introducing the Satisfiability problem (and its variants 3-SAT and 2-SAT),
and then we will show that 3-SAT <, Ind-Set.

2 Satisfiability

We begin by introducing the components of a Boolean formula. First, suppose we have a set of n
Boolean variables
1,29,...,Tp € {0,1} .

A term (or literal) ¢ is one of the variables x; or its negation 7;. A clause C is a disjunction (a
logical OR) of distinct terms
C=t1VtaV---Vi,.

The length of C'is defined as the number of terms in C. For each term ¢;, we have t; € {x1,..., 2y, 71,...

A Boolean formula f in Conjunctive Normal Form (CNF) is a conjunction (a logical AND)
of clauses

f:Cl/\Cg/\‘--/\Ck.

The length of f is defined as the number of clauses k.

Given a Boolean formula f in CNF over a set of variables x1,...,z,, a natural question to ask
is whether f has a satisfying assignment? This is an assignment of 0 or 1 to each x; such that
the formula f evaluates to True.

Since f is a formula in CNF (an AND of clauses), a satisfying assignment must ensure all
clauses Cj evaluate to True. Since each clause Cj is an OR of terms, this is equivalent to ensuring
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at least one term ¢; in each clause C; evaluates to True. This yields the definiton of the Satisfiability
problem (SAT):

SAT — Input: CNF formula f =Cy A--- ACy

Output: Yes iff there exists a satisfying assignment to f.

Note that each clause C; in f can contain any number of terms. However, we can define
analogous problems where the structure of f is more constrained:

3SAT — Input: CNF formula f = C; A --- A Cy where each C; has length 3

Output: Yes iff there exists a satisfying assignment to f.
Similarly:

2SAT — Input: CNF formula f = C; A --- A Cf where each C; has length 2

Output: Yes iff there exists a satisfying assignment to f.

Consider the following examples of Boolean formulae:
(1) f=(x1VT2) A@TTVT3) A (22 V T3).
The assignment {z; = 0,22 = 0,23 = 0} satisfies f.
(2) f=(x1VayVas)A(@ VI A (2 VT3) A (23 VITD) A (TTV T2V T3)
Here, you can check that f has no satisfying assignment.

Note that given an assignment of variables X € {0,1}" (where X; € {0,1} is the assignment
of the variable x;), it is easy to verify whether f evaluates to True. However, in the SAT, 3-SAT,
and 2-SAT problems, our goal is to find a satisfying assignment X. This is a combinatorial search
problem, where the space of all possible assignments {0,1}" has exponential size. Additionally,
although the notation here is abstract, note that a Boolean formula can describe many “real-world”
constraint satisfaction problems.

3 Reducing 3-SAT to Independent-Set

Recall that given a graph G = (V, E), an independent set S of size k is a subset of k vertices such
that no two vertices share an edge. We now develop the proof of the following lemma:

Lemma 2. 3-SAT <, Independent-Set.

We will assume that we have an algorithm to solve Independent set, and we start by describing
a procedure to convert instances of 3-SAT into instances of Independent-Set:
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(1) Assume we are given an instance of 3-SAT f = Ci A --- A Cy, over the variables {x1,...,2,}.

(2) Construct a graph G = (V, E) consisting of 3k vertices grouped into k triangles, where each
triangle corresponds to 1 clause.

Specifically, for i = 1,..., k, construct three vertices v;1, vi2, v;3, where v;; corresponds to the
j’th term from clause C;.

For each i = 1,...,k, add edges between all v;;. Additionally, for each pair of vertices that
correspond to terms (in different clauses) that are negations of each other (i.e., Z1 and z1),
add an edge between the two vertices.

Any independent set
contains at most one
node from each triangle.

Conflict

Conflict

Conflict

Figure 1: Example graph from 3-SAT to Independent-Set reduction. (Source: KT Figure 8.3).

Figure[I] gives an example of such a construction, and we now proceed to prove the following claim:

Claim 1. The instance of 3-SAT is satisfiable if and only if the graph G has an independent set

of size at least k.
As usual, we prove each direction of the claim separately:

(=) If the 3-SAT instance is satisfiable, then G has an independent set of size at least k.

Assume that the instance of 3-SAT is satisfiable, meaning there exists some assignment of the
variables z; satisfying f. Then (by definition of the construction) each triangle of G contains
at least 1 vertex whose corresponding term in f evaluates to 1 under this assignment. Let S
be a set consisting of one such vertex from each triangle (which can be chosen arbitrarily if

more than one exists in a triangle).

We claim that S is independent: if there were an edge between two vertices u,v in S (which
must correspond to terms from two different clauses), then the corresponding terms must
be negations of each other (as this was the criterion for adding an edge between the two
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corresponding vertices when constructing GG). However, this cannot be possible if both vertices
were added to S, since these correspond to terms that evaluated to 1.

Thus S is an independent set (since no two vertices in S share an edge) with k vertices.

If G has an independent set of size at least k, then the 8-SAT instance is satisfiable.

Suppose that G has an independent set S of size at least k. By construction of G, the size of
S must be equal to k, because otherwise S would have to contain at least two vertices from
one triangle (which all share edges). This means S must consist of exactly one vertex from
each triangle in G.

Using this fact, we will construct a satisfying assignment to f as follows: first, set the terms
corresponding to each vertex in S to be 1. For example, if v € S corresponds to a term x;,
then set x; = 1. If v corresponds to a term T, then set x; = 0. Because S is independent,
there cannot be two vertices in S whose corresponding terms contradict each other, since
these vertices share edges in G. Thus our assignment of the corresponding z;’s from S is
consistent.

For the remaining vertices in GG, we can set the corresponding variables arbitrarily to 1.

The result is that each clause in f evaluates to 1, since each clause contains one vertex from
S whose corresponding term was set to 1. Thus the assignment we constructed satisfies f.
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