
LECTURE 19

REDUCTIONS

Let X, Y be two problems (with some specifications of inputs and
outputs).

Want to formalize: “X is at least as hard as Y”

Definition: We say Y is (polynomial-time) reducible to X if: given an
algorithm A to solve X, we can solve an arbitrary instance of problem
Y using a polynomial number of standard computational steps, and a
polynomial number of calls to A.

Notation:    Y X≤
𝑃

Means:
● X is at least as hard as Y (with respect to polynomial time)
● If X can be solved in polynomial time, then Y can also be solved

in polynomial time.
● If Y cannot be solved in polynomial time, then X also cannot be

solved in polynomial time.

Example 1:
● Bipartite Matching Max-Flow≤

𝑃

X = Max-Flow (input: Flow network, output: max flow)
[or: Yes if graph has flow of value >= k]

Y = Bipartite-Matching (input: Bipartite graph, output: max matching)
[or: Yes if graph has matching of size >= k]

Algorithm to solve Max-Flow: Ford-Fulkerson
Reduction: encode bipartite graph as a flow network, solve max-flow,
and extract matching



INDEPENDENT SET - VERTEX COVER

Definition: A set S is independent if no two nodes in S are joined by
an edge.

● Want to find the largest independent set

Independent Set (decision problem):
● Input: Graph G, a number k
● Output: Yes if G has an independent set of size at least k, No

otherwise

Notes on Optimization vs Decision:
● Optimization problem: Find independent set in G of maximum

size
● Decision problem: Output yes if G has independent set of size at

least k
● Given algorithm to solve optimization problem, can solve

decision problem (for any k).
● Conversely, if can solve problem version for any k, then can

solve optimization problem. (E.g. run decision algorithm for all k,
find largest k with output Yes. Can use binary search to speed up
search.)

Definition: A set S is a vertex cover if every edge has at least one
end in S.

● Want to find the smallest vertex cover

Vertex Cover (decision problem):
● Input: Graph G, a number k
● Output: Yes if G  has a vertex cover of size at most k



Fact: We don’t know how to solve Independent Set or Vertex Cover in
polynomial time. But can reduce them to each other.

Lemma: S is an independent set if and only if V - S is a vertex cover.
● Therefore: G has an independent set of size at least k if and only

if G has a vertex cover of size at most k.

Example 2:
● Independent Set Vertex Cover≤

𝑃

○ Suppose we have an algorithm to solve Vertex Cover.
○ Then we can decide whether G has an independent set of

size at least k by asking the algorithm whether G has a
vertex cover of size at most n-k.

● Vertex Cover Independent Set≤
𝑃

○ Suppose we have an algorithm to solve Independent Set.
○ Then we can decide whether G has  a vertex cover of size

at most n-k by asking the algorithm whether G has an
independent set of size at least k.

SET-COVER:
● Input: A set U of n elements, a collection S_1, …, S_m of

subsets of U, a number k
● Output: Yes if there is at most k subsets S_{i_1}, …, S_{i_k} such

that their union is U

Note:
● This is now for general sets. Vertex cover and independent set

are for graphs.
● Models: Coverage, want to pick the fewest number of subsets to

cover all constraints. E.g. picking classes to satisfy requirements.



Example 3:
● Vertex Cover Set Cover≤

𝑃

○ Suppose we have an algorithm to solve Set Cover
○ Given an instance of Vertex Cover (graph G, number k).

Construct instance of Set Cover:
■ Set U = edges in E
■ Subsets: For each i in V, add S_i = {edges connected

to i}
○ Claim: U can be covered with at most k of the sets S_1, …,

S_n, if and only if G has a vertex cover of size at most k
○ Proof:

■ Suppose U can be covered with \ell <= k sets S_{i_1},
…, S_{i_\ell}. This means every element in U is
contained in at least one such set. By construction,
this means every edge in G is connected to one of the
vertices i_1, …, i_\ell.  This means S = {i_1, …, i_\ell}
is a vertex cover in G of size \ell <= k.

■ Conversely, if {i_1, …, i_\ell} is a vertex cover in G of
size \ell <= k, then the sets S_{i_1}, …, S_{i_\ell}
cover U.

Can also show:
● Independent Set Set Packing≤

𝑃
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Last time: Reductions
● Y X≤

𝑃

○ Y can be reduced to X (wrt poly time)
■ With poly-time computation and poly # calls to solve X

○ Can use algorithm for X for solving instances of Y
○ X is at least as hard as Y
○ If can solve X in poly time, can solve Y in poly time
○ If cannot solve Y in polytime, cannot solve X in poly time

● Examples:
○ Bip-Mat Max-Flow≤

𝑃

○ Ind-Set Vertex-Cover≤
𝑃

○ Vertex-Cover Ind-Set≤
𝑃

○ Vertex-Cover Set-Cover≤
𝑃

○ Today: 3-SAT Ind-Set≤
𝑃

● Note: Transitivity of reductions

● Lemma: If Z Y and Y X,  then Z X≤
𝑃

≤
𝑃

≤
𝑃

● Proof: Compose algorithms: Suppose have an algorithm for X.
○ Given an instance of Z, solve using algorithm for Y (from  Z Y).≤

𝑃

Simulate algorithm for Y via algorithm for X (from Y X).≤
𝑃

● Therefore:
3-SAT Ind-Set Vertex-Cover Set-Cover≤

𝑃
≤
𝑃

≤
𝑃



SATISFIABILITY

Suppose we have n Boolean variables x_1, …, x_n \in {0,1}

A term (or a literal) t is one of the variables x_i or its negation \bar x_i.

A clause is a disjunction (= OR) of distinct terms:
c = t_1 V t_2 V … V t_\ell

● Each t_i is in {x_1, …, x_n, not x_1, …, not x_n}
● Length of the clause is the number of terms in the clause

A Boolean formula (in Conjunctive Normal Form = CNF) is a
conjunction (ANDs) of clauses:

f = c_1  AND  c_2  AND  …  AND  c_k
● Length of the formula is the number of clauses
● This is (ANDs of ORs)

Goal: Find a satisfying assignment:
● An assignment X in {0,1}^n of x_i = 0 or 1, such that the formula f

evaluates to True
● Equivalently, all clauses c_j must evaluate to True
● Equivalently, at least one term t_i in each clause c_j is True

SATISFIABILITY:
● Input: A CNF ( c_1  AND … AND  c_k )
● Output: Yes if there is a satisfying assignment; No otherwise

Note: Each clause can contain any number of terms. Can specialize:



3-SAT:
● Input: A CNF  ( c_1  AND … AND  c_k ) such that each c_i has

length 3
● Output: Yes if there is a satisfying assignment; No otherwise

2-SAT:
● Input: A CNF  ( c_1  AND … AND  c_k ) such that each c_i has

length 2
● Output: Yes if there is a satisfying assignment; No otherwise

Examples:
● (x_1 V not x_2) AND (not x_1 V not x_3) AND (x_2 V not x_3)

○ Satisfying assignment: x_1 = x_2 = x_3 = 0

● (x1 OR x2 OR x3) AND (x1 OR not x2) AND (x2 OR not x3) AND
(x3 OR not x1) AND (not x1 OR not x2 OR not x3)

○ No satisfying assignment

Note:
● Given an assignment X, easy to verify if f evaluates to True
● What we want is to find a satisfying assignment X
● This is a combinatorial search problem: Space of possibilities is

{0,1}^n, exponential size



REDUCING 3-SAT to INDEPENDENT-SET
Lemma: 3-SAT Independent Set≤

𝑃

● Suppose we have an algorithm to solve Independent Set
● Given an instance of 3-SAT: f = C_1  AND  …  AND  C_k over

{x_1, …, x_n}
● Construct graph G = (V,E) consisting of 3k nodes grouped into k

triangles (one node from each term in each clause), and edges
encoding constraints.

● For i = 1, …, k, construct three vertices v_{i1}, v_{i2}, v_{i3}, and
join them by edges  (v_{ij} = the j-th term from the clause C_i)

● For any two terms (from different clauses) that are negations of
each other, connect them by an edge

● Claim: The instance of 3-SAT is satisfiable if and only if the
graph G has an independent set of size at least k.

● Proof:
○ Forward:

■ If the instance of 3-SAT is satisfiable, then each
triangle in G contains at least one node whose label
evaluates to 1.

■ Let S be a set consisting of one such node from each
triangle. (If there are more than one in a triangle,
choose one.)

■ We claim S is independent: If there were an edge
between u, v in S (from two different clauses), then
the labels would have to conflict, but it’s not possible
since they must both evaluate to 1.

○ Backward:
■ Suppose G has an independent set S of size at least

k.
■ Then the size of S must be equal to k. (If > k, then

must choose at least two from one triangle.)
■ And it must consist of one node from each triangle.



■ To construct satisfying assignment:
■ Set terms corresponding to S to be 1. (If x_i is in S,

set x_i = 1. If (not x_i) is in S, set x_i = 0.)
■ This will be consistent (we cannot get contradiction

from different clauses, since S is independent, so we
cannot pick both x_i and not x_i.)

■ If in the end there are variables x_j that have not been
assigned (so both x_j and (not x_j) do not appear in
S), then no constraints, set x_j = 1.

■ This gives a consistent assignment, where each
triangle (= clause) evaluates to 1, so the entire
formula evaluates to 1.


