
 

Recall Inetwork
Directed graph G V E

source vertex SEV
sink vertex ter s0É8 o q

edge capacity Ce so

Fly f fled eee satisfies

capacity O E fle E Ce

conservation V V EV lls t

fin r foot v
got

FINEEat
the value of a flow f is

val f fouls 37
by flow property Vallf

valff fin t

Goal find maxflow flow with max flow

capacity not max flow
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Ford Fulkerson G C

init f o

Residual graph Gf
while I s t path in Gf

choose an augmenting path P
f Augmentffp

a simple set path in Gg

can do e.g via
F ET DES BFS
Gf Gf

Return f

Properties of Augments

1 F Augment F P

then f is a flow valff vallf B valff

B bottleneck P gig Cfle o

2 if all capacities flowvalues fle E Z then B is a positive integer

B 1 in each while loop

Properties of FI Spposetaceefee E
Then FI can be implemented in O m C time

hiiiii

where C Value of max flow

in each iteration use DFS BFS takes O m time
also Augment construct Gf Ofm

i Running time of FF is O m C



Question How to show f FF Gc is a max flow

Answer via Max Flow Min Cat theorem

Let G V E be a flow network with capacity Ce o

Define an stay is a partition of thevertices

V A U B

St SEA EB AN B O fÉ
Define the capacity of a cut A B is

1
im 4 O

IIDnote.onlycol.IT f CAB ate
don'tcount internaledges A A B B
don't count opposite edges B A



Cuts provide upper bound to flow values

Suppose can find cut A B sat

É E
any flow from s to t has to passthrough et from A to B

if et has small capacity Cet no then cannotpushflawtoomuch

if et has large capacity maybe othercuts have small capacity

F

Let f be a flow CA B be a cut

Define gout A I fle
UEA ve

A I fly
e UN EE Ela V EE

WEB VEA

footA flee t fees

i fin A f ez

t Ef
A



Lemme let f be any flow CA B beany cut
1i

CA B S V1 s

note fin s 0

so valff fout s

fin
2 take CA B V1 ht t

then Hft o

B

then lemma says

valff fin t
foggy

fin t

5,45582 um fans find
and f ve A Ys f out v fin u o conservation
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Consider edge e EE

1 if e is from A to A e Uv UEA re A

Ajoy
tout u has fee

t
2 if e is from A to B e Uv UEA VEB

HIIIII
3 if e isfrom B to A fee via VEA WEB

On I
4 if e isfrom B to B ee u u VEB VEB

Bar no contribution

then val f Ey Hout v fin u

I f e I fle
e un e un

UEA VEB WEB VEA

foutCA fin A
I



t i i am

ÉÉÉ man

I fout A since fee o

I fle

UEA VEB

th Alf of fout
e ar

I Ce by capacity f e Icee au

UEA VEB

C A B bydef of CCA B

Note True for any flow any cut

in particular true for max flow min out

ftp t p

then sofhasmaxrat
because if I f with valff val f CCA B
this contradicts Lemmaabove

A B has min capacity



How to show FF algorithm Returns a Max flow

Exhibit a cut AIBA s t

valff CCA's BA

then by above f has max value

I

Defines cut CA BA

at hav Fsm path
in Gf

B V1 At

note seat tEB A n B 0

Claim c A B val

T.at esoutofAarsaturated by f
He u u E E UEA ve B

then fle Ce

why because if f e Ce then in Gf has forwardedge
e u u in Gf with capacity Cf e Ce fie o

then can reach s u v in Gf
contradiction def of Ak
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2 all edges into A't are not used

He u u EE Ue Bt VEA
then fle 0

why because if fee 0 then in Gf has backward

edge e u u with capacity Cfle o

e in Gf

then can reach s r u in Gf

therefore Val f font At fin At
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