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Last time

Dynamic Programming

Today:

• Maximum Flow Problem

• Ford-Fulkerson Algorithm
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Plan

Maximum Flow Problem

Ford-Fulkerson Algorithm
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Network
A Network is a directed graph G = (V, E) with the following
information:

• There is a source s 2 V with no incoming edges.
� Assume all vertices reachable from s.

• There is a sink t 2 V with no outgoing edges.

• Each edge e 2 E has a capacity ce > 0.
� Assume capacity is a positive integer: ce 2 N = {1, 2, 3, . . . }.

212 Algorithms

Figure 7.4 (a) A network with edge capacities. (b) A flow in the network.
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en route. Figure 7.4(b) shows a possible flow from s to t, which ships 7 units in all. Is this the
best that can be done?

7.2.2 Maximizing flow
The networks we are dealing with consist of a directed graph G = (V,E); two special nodes
s, t ∈ V , which are, respectively, a source and sink of G; and capacities ce > 0 on the edges.
We would like to send as much oil as possible from s to t without exceeding the capacities

of any of the edges. A particular shipping scheme is called a flow and consists of a variable fe

for each edge e of the network, satisfying the following two properties:

1. It doesn’t violate edge capacities: 0 ≤ fe ≤ ce for all e ∈ E.

2. For all nodes u except s and t, the amount of flow entering u equals the amount leaving
u: X

(w,u)2E

fwu =
X

(u,z)2E

fuz.

In other words, flow is conserved.
The size of a flow is the total quantity sent from s to t and, by the conservation principle,

is equal to the quantity leaving s:

size(f) =
X

(s,u)2E

fsu.

In short, our goal is to assign values to {fe : e ∈ E} that will satisfy a set of linear
constraints and maximize a linear objective function. But this is a linear program! The
maximum-flow problem reduces to linear programming.
For example, for the network of Figure 7.4 the LP has 11 variables, one per edge. It seeks

to maximize fsa + fsb + fsc subject to a total of 27 constraints: 11 for nonnegativity (such as
fsa ≥ 0), 11 for capacity (such as fsa ≤ 3), and 5 for flow conservation (one for each node of
the graph other than s and t, such as fsc + fdc = fce). Simplex would take no time at all to
correctly solve the problem and to confirm that, in our example, a flow of 7 is in fact optimal.
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Flow in a Network

Let G = (V, E) be a network with capacity c = (ce)e2E .

A flow (or an s� t flow) is a function f : E ! R0 that specifies
the amount f(e) to push along edge e, subject to:

1. Capacity constraint: 0  f(e)  ce for all e 2 E.

2. Conservation condition: For each v 2 V \ {s, t},
X

e into v

f(e) =
X

e out of v

f(e)

The value of a flow f is

v(f) =
X

e out of s

f(e) =
X

e into t

f(e).
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Flow Notation

Given f : E ! R0, for v 2 V , define:

f
out(v) =

X

e out of v

f(e)

f
in(v) =

X

e into v

f(e).

Then capacity constraint for a flow f becomes:

f
in(v) = f

out(v) for all v 6= s, t.

We can write the value of a flow f as:

v(f) = f
out(s) = f

in(t)
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Maximum Flow Problem

Given a network G be a network with capacity c = (ce)e2E .

Goal: Find a flow f with the maximum value v(f).

maximize v(f)

subject to 0  f(e)  ce 8 e 2 E,

f
in(v) = f

out(v) 8 v 6= s, t.
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How to find a maximum flow?

Idea 1: Greedy method, grow the flow

1. Start with the zero flow.

2. Repeat: Choose an appropriate path from s to t, and increase
flow along the edges of this path as much as possible.

Issue: If choose a wrong path in the beginning, can get stuck.

• So should allow possibility to correct previous flow.
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How to find a maximum flow? Example
Network:

S. Dasgupta, C.H. Papadimitriou, and U.V. Vazirani 213

Figure 7.5 An illustration of the max-flow algorithm. (a) A toy network. (b) The first path
chosen. (c) The second path chosen. (d) The final flow. (e) We could have chosen this path first.
(f) In which case, we would have to allow this second path.
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7.2.3 A closer look at the algorithm
All we know so far of the simplex algorithm is the vague geometric intuition that it keeps
making local moves on the surface of a convex feasible region, successively improving the
objective function until it finally reaches the optimal solution. Once we have studied it in
more detail (Section 7.6), we will be in a position to understand exactly how it handles flow
LPs, which is useful as a source of inspiration for designing direct max-flow algorithms.
It turns out that in fact the behavior of simplex has an elementary interpretation:

Start with zero flow.
Repeat: choose an appropriate path from s to t, and increase flow along the edges
of this path as much as possible.

Figure 7.5(a)–(d) shows a small example in which simplex halts after two iterations. The
final flow has size 2, which is easily seen to be optimal.

Suppose method chooses paths:
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Figure 7.5 An illustration of the max-flow algorithm. (a) A toy network. (b) The first path
chosen. (c) The second path chosen. (d) The final flow. (e) We could have chosen this path first.
(f) In which case, we would have to allow this second path.
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7.2.3 A closer look at the algorithm
All we know so far of the simplex algorithm is the vague geometric intuition that it keeps
making local moves on the surface of a convex feasible region, successively improving the
objective function until it finally reaches the optimal solution. Once we have studied it in
more detail (Section 7.6), we will be in a position to understand exactly how it handles flow
LPs, which is useful as a source of inspiration for designing direct max-flow algorithms.
It turns out that in fact the behavior of simplex has an elementary interpretation:

Start with zero flow.
Repeat: choose an appropriate path from s to t, and increase flow along the edges
of this path as much as possible.

Figure 7.5(a)–(d) shows a small example in which simplex halts after two iterations. The
final flow has size 2, which is easily seen to be optimal.

then
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Figure 7.5 An illustration of the max-flow algorithm. (a) A toy network. (b) The first path
chosen. (c) The second path chosen. (d) The final flow. (e) We could have chosen this path first.
(f) In which case, we would have to allow this second path.
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7.2.3 A closer look at the algorithm
All we know so far of the simplex algorithm is the vague geometric intuition that it keeps
making local moves on the surface of a convex feasible region, successively improving the
objective function until it finally reaches the optimal solution. Once we have studied it in
more detail (Section 7.6), we will be in a position to understand exactly how it handles flow
LPs, which is useful as a source of inspiration for designing direct max-flow algorithms.
It turns out that in fact the behavior of simplex has an elementary interpretation:

Start with zero flow.
Repeat: choose an appropriate path from s to t, and increase flow along the edges
of this path as much as possible.

Figure 7.5(a)–(d) shows a small example in which simplex halts after two iterations. The
final flow has size 2, which is easily seen to be optimal.

This gives the correct maximum flow with value 2:
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Figure 7.5 An illustration of the max-flow algorithm. (a) A toy network. (b) The first path
chosen. (c) The second path chosen. (d) The final flow. (e) We could have chosen this path first.
(f) In which case, we would have to allow this second path.
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7.2.3 A closer look at the algorithm
All we know so far of the simplex algorithm is the vague geometric intuition that it keeps
making local moves on the surface of a convex feasible region, successively improving the
objective function until it finally reaches the optimal solution. Once we have studied it in
more detail (Section 7.6), we will be in a position to understand exactly how it handles flow
LPs, which is useful as a source of inspiration for designing direct max-flow algorithms.
It turns out that in fact the behavior of simplex has an elementary interpretation:

Start with zero flow.
Repeat: choose an appropriate path from s to t, and increase flow along the edges
of this path as much as possible.

Figure 7.5(a)–(d) shows a small example in which simplex halts after two iterations. The
final flow has size 2, which is easily seen to be optimal.
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How to find a maximum flow? Example
Network:
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Figure 7.5 An illustration of the max-flow algorithm. (a) A toy network. (b) The first path
chosen. (c) The second path chosen. (d) The final flow. (e) We could have chosen this path first.
(f) In which case, we would have to allow this second path.
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7.2.3 A closer look at the algorithm
All we know so far of the simplex algorithm is the vague geometric intuition that it keeps
making local moves on the surface of a convex feasible region, successively improving the
objective function until it finally reaches the optimal solution. Once we have studied it in
more detail (Section 7.6), we will be in a position to understand exactly how it handles flow
LPs, which is useful as a source of inspiration for designing direct max-flow algorithms.
It turns out that in fact the behavior of simplex has an elementary interpretation:

Start with zero flow.
Repeat: choose an appropriate path from s to t, and increase flow along the edges
of this path as much as possible.

Figure 7.5(a)–(d) shows a small example in which simplex halts after two iterations. The
final flow has size 2, which is easily seen to be optimal.

But if we first choose this path:
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Figure 7.5 An illustration of the max-flow algorithm. (a) A toy network. (b) The first path
chosen. (c) The second path chosen. (d) The final flow. (e) We could have chosen this path first.
(f) In which case, we would have to allow this second path.
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7.2.3 A closer look at the algorithm
All we know so far of the simplex algorithm is the vague geometric intuition that it keeps
making local moves on the surface of a convex feasible region, successively improving the
objective function until it finally reaches the optimal solution. Once we have studied it in
more detail (Section 7.6), we will be in a position to understand exactly how it handles flow
LPs, which is useful as a source of inspiration for designing direct max-flow algorithms.
It turns out that in fact the behavior of simplex has an elementary interpretation:

Start with zero flow.
Repeat: choose an appropriate path from s to t, and increase flow along the edges
of this path as much as possible.

Figure 7.5(a)–(d) shows a small example in which simplex halts after two iterations. The
final flow has size 2, which is easily seen to be optimal.

Then we should also allow the method to choose this path:
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Figure 7.5 An illustration of the max-flow algorithm. (a) A toy network. (b) The first path
chosen. (c) The second path chosen. (d) The final flow. (e) We could have chosen this path first.
(f) In which case, we would have to allow this second path.
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7.2.3 A closer look at the algorithm
All we know so far of the simplex algorithm is the vague geometric intuition that it keeps
making local moves on the surface of a convex feasible region, successively improving the
objective function until it finally reaches the optimal solution. Once we have studied it in
more detail (Section 7.6), we will be in a position to understand exactly how it handles flow
LPs, which is useful as a source of inspiration for designing direct max-flow algorithms.
It turns out that in fact the behavior of simplex has an elementary interpretation:

Start with zero flow.
Repeat: choose an appropriate path from s to t, and increase flow along the edges
of this path as much as possible.

Figure 7.5(a)–(d) shows a small example in which simplex halts after two iterations. The
final flow has size 2, which is easily seen to be optimal.
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How to find a maximum flow?

Idea 2: Grow our flow, but allow correction (undo previous flow)

1. Start with the zero flow

2. Repeat: Choose an augmenting path in the residual graph,
and augment the flow along the edges of this path.
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Residual Graph

Let f be a flow on a network G = (V, E). The residual graph
Gf = (V, Ef ) is a directed graph on V with the following edges:

For each edge e = (u, v) 2 E:

• If f(e) < ce, then we add e = (u, v) to Ef with capacity

cf (e) = ce � f(e) > 0.

We call e 2 Ef a forward edge (we can push more on f(e)).

• If f(e) > 0, then we add e
0 = (v, u) to Ef with capacity

cf (e0) = f(e) > 0.

We call e
0 2 E a backward edge (we can subtract some from f(e)).

Note: Each e 2 E gives rise to up to 2 edges in Ef , so |Ef |  2|E|.
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Residual Graph

218 Algorithms

Figure 7.6 Continued

Current Flow Residual Graph
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Augmenting Paths

Let Gf = (V, Ef ) be the residual graph of a flow f on G = (V, E).

• An augmenting path is a simple path P from s to t in Gf .

� Simple = does not repeat nodes, so P uses  n� 1 edges.

• The bottleneck of P is the minimum capacity (in Gf ) along the
edges of P :

bottleneck(P ) = min
e2P

cf (e)

• Idea: We can augment the flow f along P by � = bottleneck(P ).

For each e 2 P :

� If e is a forward edge, then increase flow f(e) by �.
� If e is a backward edge, then decrease flow f(e) by �.
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Augmenting the Flow

Given a flow f and an augmenting path P , define:

Augment(f, P ):

Let � = bottleneck(P )

For each edge e = (u, v) 2 P:

If e is a forward edge:
increase f(e) in G by �: f

0(e) = f(e) + �

Else: (e is a backward edge, so e
0 = (v, u) 2 E)

decrease f(e0) in G by �: f
0(e0) = f(e0)� �

Return f
0
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Augmenting the Flow: Properties

Let f be a flow in G, and let P be an augmenting path in Gf .
Let f

0 = Augment(f, P ).

Lemma 1: f
0 is also a flow in G.

Lemma 2: f
0 has value v(f 0) = v(f) + bottleneck(P ).
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Lemma 1

Let f be a flow in G, and let P be an augmenting path in Gf .
Let f

0 = Augment(f, P ).

Lemma 1: f
0 is also a flow in G.

Proof: Since f
0 di↵ers from f only on the edges of P , we only need to

verify the capacity and conservation conditions on these edges.

Let � = bottleneck(P ), so 0 < �  cf (e) for all e 2 P .
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Lemma 1 Proof

We check the capacity condition. Let e 2 P . There are two cases:

1. If e is a forward edge, then e 2 E, and its residual capacity is
cf (e) = ce � f(e). Then f

0(e) = f(e) + � satisfies

f
0(e) > f(e) � 0

and
f
0(e)  f(e) + cf (e) = f(e) + (ce � f(e)) = ce

2. If e = (u, v) is a backward edge, then e
0 = (v, u) 2 E, and its

residual capacity is cf (e) = f(e0). Then f
0(e0) = f(e0)� � satisfies

f
0(e0) � f(e0)� cf (e) = f(e0)� f(e0) = 0

and
f
0(e0)  f(e0)  ce0

Therefore, the capacity condition is satisfied by f
0 for all e 2 E.
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Lemma 1 Proof
We check the conservation condition along the vertices in P . Let v 2 P ,
v 6= s, t. P must enter v once, say along edge e1 = (u, v) 2 Ef ; and P

must exit v once, say along edge e2 = (v, w) 2 Ef . There are four cases:

(a) If e1 and e2 are forward edges: Then e1, e2 2 E, and
f
0(e1) = f(e1) + �, f

0(e2) = f(e2) + �. Then

(f 0)in(v) = f
in(v) + f

0(e1)� f(e1) = f
in(v) + �

(f 0)out(v) = f
out(v) + f

0(e2)� f(e2) = f
out(v) + �.

Since f
in(v) = f

out(v), we see that (f 0)in(v) = (f 0)out(v).

(b) If e1 is a forward edge and e2 is a backward edge: Then e1 2 E,
f
0(e1) = f(e1) + �, and e

0
2 = (w, v) 2 E, f

0(e02) = f(e02)� �. Then

(f 0)in(v) = f
in(v) + f

0(e1)� f(e1) + f
0(e02)� f(e02)

= f
in(v) + � � �

= f
in(v) = f

out(v)

(f 0)out(v) = f
out(v).

The other two cases are similar and left as exercise.
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Lemma 2

Let f be a flow in G, and let P be an augmenting path in Gf .
Let f

0 = Augment(f, P ).

Lemma 2: f
0 has value v(f 0) = v(f) + bottleneck(P ).

Proof: The first edge e of P must be an edge out of s in the
residual graph Gf . Since P is simple, it does not visit s again.
Since G has no edges entering s, the edge e must be a forward
edge in Gf .

We increase the flow on e by bottleneck(P ), and we don’t change
the flow on any other edge incident to s.

Therefore, the value of f
0 increases by exactly bottleneck(P ):

v(f 0) = v(f) + bottleneck(P ).
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Plan

Maximum Flow Problem

Ford-Fulkerson Algorithm
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Ford-Fulkerson

The Ford-Fulkerson Algorithm for finding maximum flow.

Max-Flow(G): G = (V, E, c)

Initialize f(e) = 0 for all e 2 E

While there is an s� t path in the residual graph Gf :

Choose an augmenting path P in Gf

f
0 = Augment(f, P )

Update f  f
0

Update the residual graph Gf to be Gf 0

Return f

Note: Doesn’t specify how to choose augmenting path; any choice works.
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Ford-Fulkerson: Example

S. Dasgupta, C.H. Papadimitriou, and U.V. Vazirani 217

Figure 7.6 The max-flow algorithm applied to the network of Figure 7.4. At each iteration,
the current flow is shown on the left and the residual network on the right. The paths chosen
are shown in bold.
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Figure 7.6 The max-flow algorithm applied to the network of Figure 7.4. At each iteration,
the current flow is shown on the left and the residual network on the right. The paths chosen
are shown in bold.
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Ford-Fulkerson: Example
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Figure 7.6 The max-flow algorithm applied to the network of Figure 7.4. At each iteration,
the current flow is shown on the left and the residual network on the right. The paths chosen
are shown in bold.
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Figure 7.6 The max-flow algorithm applied to the network of Figure 7.4. At each iteration,
the current flow is shown on the left and the residual network on the right. The paths chosen
are shown in bold.
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Figure 7.6 Continued

Current Flow Residual Graph
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Figure 7.6 Continued

Current Flow Residual Graph
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Ford-Fulkerson: Properties

Let G = (V, E) be a network with positive integer capacities ce.

Lemma 3: At every intermediate stage of Ford-Fulkerson, the flow
values {f(e) : e 2 E} and the residual capacities in Gf are integers.

Proof: We use induction on the number of iterations j.

The statement is true before any iterations of the While loop since we
start with the zero flow.

Suppose the statement is true after j iterations.

Since the residual capacities in Gf are integers, the value bottleneck(P )
for the augmenting path found in iteration j + 1 will be an integer.

Thus the flow f
0 will have integer values, and hence so will the capacities

of the new residual graph.
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Ford-Fulkerson: Properties

Let G = (V, E) be a network with positive integer capacities ce.

Let C =
X

e out of s

ce.

Lemma 4: The Ford-Fulkerson algorithm terminates in at most C

iterations of the While loop.

Proof: By Lemma 2, each iteration of the While loop increases the value
of the flow by the bottleneck � 1.

We start with a flow of value 0.

The value of the maximum flow is at most C.

Therefore, the While loop can run for at most C iterations.
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Ford-Fulkerson: Running Time

Let G = (V, E) be a network with positive integer capacities ce.

Let C =
X

e out of s

ce.

Theorem 1: The Ford-Fulkerson algorithm can be implemented to
run in O(|E| · C) time.

• This is pseudo-polynomial time.

• Input is b = log C bits, so running time is O(|E| · 2b).
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Ford-Fulkerson: Running Time

Let G = (V, E) be a network with positive integer capacities ce.

Let C =
X

e out of s

ce.

Theorem 1: The Ford-Fulkerson algorithm can be implemented to
run in O(|E| · C) time.

Proof: By Lemma 4, there are at most C iterations of the While loop.

In each iteration, to find an s� t path in Gf , we can run BFS or DFS.
Since |Ef |  2|E|, this takes O(|V | + |Ef |) = O(|V | + |E|) = O(|E|).
To augment the flow with the path takes O(n) time.

Given the new flow f
0, we build the new residual graph in O(m) time: For

each edge e 2 E, we construct the forward and backward edges in Gf 0 .

Then the total running time is O(|E| · C).
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Ford-Fulkerson: Slow Example

Ford-Fulkerson can take O(C) iterations if we don’t choose
augmenting paths carefully.

246 Algorithms
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(a) Show that, if the Ford-Fulkerson algorithm is run on this graph, a careless choice of updates
might cause it to take 1000 iterations. Imagine if the capacities were a million instead of
1000!

We will now find a strategy for choosing paths under which the algorithm is guaranteed to ter-
minate in a reasonable number of iterations.
Consider an arbitrary directed network (G = (V, E), s, t, {ce}) in which we want to find the max-
imum flow. Assume for simplicity that all edge capacities are at least 1, and define the capacity
of an s− t path to be the smallest capacity of its constituent edges. The fattest path from s to t is
the path with the most capacity.

(b) Show that the fattest s − t path in a graph can be computed by a variant of Dijkstra’s
algorithm.

(c) Show that the maximum flow in G is the sum of individual flows along at most |E| paths
from s to t.

(d) Now show that if we always increase flow along the fattest path in the residual graph, then
the Ford-Fulkerson algorithm will terminate in at most O(|E| log F ) iterations, where F is
the size of the maximum flow. (Hint: It might help to recall the proof for the greedy set
cover algorithm in Section 5.4.)

In fact, an even simpler rule—finding a path in the residual graph using breadth-first search—
guarantees that at most O(|V | · |E|) iterations will be needed.
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Ford-Fulkerson: Choosing Augmenting Paths

There are many good choices of augmenting paths that give
polynomial-time implementation of Ford-Fulkerson:

1. Scaling max-flow: O(|E|2 log C) time

2. Edmonds-Karp: Choose shortest augmenting path (with
fewest edges): O(|V | · |E|2) time
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Next Time

Next time:

• Correctness: Ford-Fulkerson returns a maximum flow

• Max-flow min-cut theorem
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