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Plan

Last time: Bellman-Ford

Today:

• Dynamic Programming 3: Floyd-Warshall

Notes:
• Thu 03/10: Midterm 1 (in class)

◦ You can bring 1-page (single-side) handwritten sheet
◦ Cover all material until dynamic programming (today)

• TF Review session: Today 4:30 – 6 pm (Zoom)

• ULA Review sessions:

◦ Today 7–8 pm (HLH17 03)
◦ 03/09 6–7 pm (HLH17 03)
◦ 03/09 7–8 pm (BCT CO31)
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Plan

All-Pairs Shortest Paths

Dynamic Programming – Approach 1

Approach 2: Floyd-Warshall

Longest Increasing Subsequence
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Shortest Path Problems

Recall to find shortest paths in a directed graph G = (V,E):

1. G unweighted w(e) = 1:

BFS (Breadth-First Search)

Running time: O(|V |+ |E|)

2. G weighted w(e) > 0:

Dijkstra (greedy)

Running time: O((|V |+ |E|) log |V |)

3. G a DAG, w(e) ∈ R:

Topological sort + DP

Running time: O(|V |+ |E|)

4. G weighted w(e) ∈ R, no negative cycle:

Bellman-Ford

Running time: O(|V | · |E|)

These are for single-source shortest paths: Compute δ(s, v) ∀ v ∈ V .
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All-Pairs Shortest Paths

Given G = (V,E) directed, weighted w(e) ∈ R, assume with no
negative cycle.

Goal: Compute δ(i, j) for all i, j ∈ V .

• δ(i, j) = min
P : i→j

∑
e∈P

w(e) is the shortest distance from i to j.

Easy answer:

• Run Bellman-Ford |V | times, once from each u ∈ V .

◦ This takes |V | ×O(|V | · |E|) = O(|V |2 · |E|) time.

◦ Since |E| = O(|V |2), this is O(|V |4).

But we can do better! Floyd-Warshall: O(|V |3)
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Dynamic Programming: All-Pairs Shortest Paths

To find all-pairs shortest paths in G via dynamic programming:

δ(i, j) ∀ i, j ∈ V

1. What table / array are we keeping track?

What is the answer in terms of table entries?

2. What is the recurrence of the table entries?

3. Write in pseudocode

4. What is running time?
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Dynamic Programming: Approach 1

1. What table / array are we keeping track?
What is the answer in terms of table entries?

d(i, j,m) = length of shortest path from i to j using ≤ m edges.
Answer is:

δ(i, j) = d(i, j, n− 1).

2. What is the recurrence of the table entries?

Look at the last edge (k, j) in the shortest path P from i to j with
≤ m edges. The subpath Pik = P \ (k, j) must be a shortest path
from i to k with ≤ m− 1 edges.

Then recurrence is:

d(i, j,m) = min{d(i, k,m− 1) + w(k, j) : for k ∈ Adj[j]}

where Adj[j] = {k ∈ V : (k, j) ∈ E}.
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Dynamic Programming: Approach 1

3. Write in pseudocode

AllPairsShortestPaths(G,w): (V = {1, . . . , n})

for i = 1, . . . , n:
for j = 1, . . . , n:

if i = j: d(i, i, 0) = 0
else: d(i, j, 0) = ∞

for m = 1, . . . , n− 1:
for i = 1, . . . , n:

for j = 1, . . . , n:

d(i, j,m) = min
k∈Adj[j]

d(i, k,m− 1) + w(k, j)

return d(·, ·, n− 1)
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Dynamic Programming: Approach 1

Recurrence:

d(i, j,m) = min{d(i, k,m− 1) + w(k, j) : for k ∈ Adj[j]}

4. What is running time?

To fill out d(i, j,m) requires deg(j) time.

To fill out d(i, : ,m) requires
∑

j∈V deg(j) = |E| time.

To fill out d( : , : , : ) requires O(|V |2 · |E|) time.

∴ Still the same as |V | times running Bellman-Ford!
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All-Pairs Shortest Paths

Dynamic Programming – Approach 1

Approach 2: Floyd-Warshall

Longest Increasing Subsequence
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Approach 2: Floyd-Warshall

δ(i, j) ∀ i, j ∈ V

Better idea: [Floyd-Warshall 1962]

• The shortest path i → k1 → · · · → kℓ → j from i to j uses
some intermediate nodes k1, . . . , kℓ (possibly none).

• What if we disallow any intermediate nodes?

(the shortest path from i to j is the edge (i, j), if it exists;
otherwise the distance is ∞)

• Suppose we expand the set of possible intermediate nodes.

(add one vertex at a time, can update shortest distance)

• Eventually the set of intermediate nodes is V , so we have
found the true shortest distance from i to j.
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Floyd-Warshall: Table Entries

Goal: δ(i, j) ∀ i, j ∈ V

1. What table / array are we keeping track?

What is the answer in terms of table entries?

• We maintain an array dist of size n× n× n.

• dist(i, j, k) = length of shortest path from i to j involving
intermediate nodes in {1, . . . , k} only.

• Base case: dist(i, j, 0) = w(i, j) if (i, j) ∈ E; and
dist(i, j, 0) = ∞ otherwise.

• Answer: Length of the shortest path from i to j in G is:

δ(i, j) = dist(i, j, n).

So return δ(·, ·) = dist(·, ·, n).
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Floyd-Warshall: Recurrence

2. What is the recursion of the table entries?

• Consider a shortest path P from i to j that uses intermediate nodes
in {1, . . . , k}, so w(P ) = dist(i, j, k).

• One of the following must be true: Either P uses vertex k; or not.

Let’s consider both possibilities.

• Option 1: Suppose P does not pass through k.

◦ P is a path from i to j using only {1, . . . , k − 1}.
◦ P must be the shortest such path: w(P ) = dist(i, j, k − 1).

• Why? If there is a shorter path P ′ from i to j using
{1, . . . , k − 1}, then P ′ is a path from i to j using {1, . . . , k}
that is shorter than P , a contradiction since P is shortest.

◦ Thus in this case, dist(i, j, k) = dist(i, j, k − 1).
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Floyd-Warshall: Recurrence

• Option 2: Suppose P passes through k.

◦ P only passes through k once (since there is no negative cycle)

◦ Consider subpath Pik from i to k, and Pkj from k to j, so
P = (Pik, Pkj).

◦ Note Pik must be a shortest path from i to k using only
{1, . . . , k − 1}, so w(Pik) = dist(i, k, k − 1).

(If there is a shorter path from i to k using only {1, . . . , k − 1},
then can compose with Pkj to get a path from i to j using only

{1, . . . , k} which is shorter than P , a contradiction since P is the

shortest such path.)

◦ Similarly, Pkj must be a shortest path from k to j using only
{1, . . . , k − 1}, so w(Pkj) = dist(k, j, k − 1).

◦ Therefore, in this case:

dist(i, j, k) = w(P ) = w(Pik) + w(Pkj)

= dist(i, k, k − 1) + dist(k, j, k − 1).
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Floyd-Warshall: Recurrence

• Combining both options: The recurrence is

dist(i, j, k) = min{dist(i, j, k − 1), . . .

dist(i, k, k − 1) + dist(k, j, k − 1)}.

because it leads right back to the O(|V |2|E|) algorithm.
One idea comes to mind: the shortest path u → w1 → · · · → wl → v between u and v

uses some number of intermediate nodes—possibly none. Suppose we disallow intermediate
nodes altogether. Then we can solve all-pairs shortest paths at once: the shortest path from
u to v is simply the direct edge (u, v), if it exists. What if we now gradually expand the set
of permissible intermediate nodes? We can do this one node at a time, updating the shortest
path lengths at each stage. Eventually this set grows to all of V , at which point all vertices
are allowed to be on all paths, and we have found the true shortest paths between vertices of
the graph!
More concretely, number the vertices in V as {1, 2, . . . , n}, and let dist(i, j, k) denote the

length of the shortest path from i to j in which only nodes {1, 2, . . . , k} can be used as interme-
diates. Initially, dist(i, j, 0) is the length of the direct edge between i and j, if it exists, and is
∞ otherwise.
What happens when we expand the intermediate set to include an extra node k? We must

reexamine all pairs i, j and check whether using k as an intermediate point gives us a shorter
path from i to j. But this is easy: a shortest path from i to j that uses k along with possibly
other lower-numbered intermediate nodes goes through k just once (why? because we assume
that there are no negative cycles). And we have already calculated the length of the shortest
path from i to k and from k to j using only lower-numbered vertices:

dist(k, j, k − 1)

k

j

dist(i, k, k − 1)

i

dist(i, j, k − 1)

Thus, using k gives us a shorter path from i to j if and only if

dist(i, k, k − 1) + dist(k, j, k − 1) < dist(i, j, k − 1),

in which case dist(i, j, k) should be updated accordingly.
Here is the Floyd-Warshall algorithm—and as you can see, it takes O(|V |3) time.

for i = 1 to n:
for j = 1 to n:

dist(i, j, 0) =∞
for all (i, j) ∈ E:

dist(i, j, 0) = !(i, j)
for k = 1 to n:

for i = 1 to n:
for j = 1 to n:

dist(i, j, k) = min{dist(i, k, k − 1) + dist(k, j, k − 1), dist(i, j, k − 1)}

The traveling salesman problem
A traveling salesman is getting ready for a big sales tour. Starting at his hometown, suitcase
in hand, he will conduct a journey in which each of his target cities is visited exactly once

177
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Floyd-Warshall: Pseudocode

This gives the Floyd-Warshall algorithm:

AllPairsShortestPaths(G,w): (V = {1, . . . , n})

for i = 1, . . . , n:
for j = 1, . . . , n:

if (i, j) ∈ E: dist(i, j, 0) = w(i, j)
else: dist(i, j, 0) = ∞

for k = 1, . . . , n:
for i = 1, . . . , n:

for j = 1, . . . , n:

dist(i, j, k) = min{dist(i, j, k − 1), . . .
dist(i, k, k − 1) + dist(k, j, k − 1)}.

return dist(·, ·, n)
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Floyd-Warshall: Running Time

4. What is the running time?

• We need to fill an array of size n× n× n.

• Each dist(i, j, k) takes O(1) time.

• Therefore, running time of Floyd-Warshall is O(n3) = O(|V |3).
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Negative Cycles

What if G has a negative cycle?

• If we run Floyd-Warshall, then there will be some i ∈ V with
dist(i, i, n) < 0.

Conversely, suppose there is some i ∈ V with dist(i, i, n) < 0.

• Then there is a negative cycle that involves vertex i.
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Shortest Path Problems
Single-source shortest paths in a directed graph G = (V,E):

1. G unweighted w(e) = 1: BFS (Breadth-First Search)

Running time: O(|V |+ |E|)

2. G weighted w(e) > 0: Dijkstra (greedy)

Running time: O((|V |+ |E|) log |V |)

3. G a DAG, w(e) ∈ R: Topological sort + DP

Running time: O(|V |+ |E|)

4. G weighted w(e) ∈ R, no negative cycle: Bellman-Ford

Running time: O(|V | · |E|)

All-pairs shortest paths:

5. G weighted w(e) ∈ R, no negative cycle: Floyd-Warshall

Running time: O(|V |3)
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Plan

All-Pairs Shortest Paths

Dynamic Programming – Approach 1

Approach 2: Floyd-Warshall

Longest Increasing Subsequence
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Longest Increasing Subsequence

Given a sequence of numbers A = (a1, . . . , an).

• A subsequence is any subset of these numbers taken in order, of
the form

A′ = (ai1 , ai2 , . . . , aik)

where 1 ≤ i1 < i2 < · · · < ik ≤ n (not necessarily contiguous).

• The subsequence is increasing if ai1 < ai2 < · · · < aik .

• Goal: Find the longest increasing subsequence in A.

170 Algorithms

predecessors, B or C; so to find the shortest path toD, we need only compare these two routes:

dist(D) = min{dist(B) + 1,dist(C) + 3}.

A similar relation can be written for every node. If we compute these dist values in the
left-to-right order of Figure 6.1, we can always be sure that by the time we get to a node v,
we already have all the information we need to compute dist(v). We are therefore able to
compute all distances in a single pass:

initialize all dist(·) values to ∞
dist(s) = 0
for each v ∈ V \{s}, in linearized order:

dist(v) = min(u,v)∈E{dist(u) + l(u, v)}

Notice that this algorithm is solving a collection of subproblems, {dist(u) : u ∈ V }. We
start with the smallest of them, dist(s), since we immediately know its answer to be 0. We
then proceed with progressively “larger” subproblems—distances to vertices that are further
and further along in the linearization—where we are thinking of a subproblem as large if we
need to have solved a lot of other subproblems before we can get to it.
This is a very general technique. At each node, we compute some function of the values

of the node’s predecessors. It so happens that our particular function is a minimum of sums,
but we could just as well make it amaximum, in which case we would get longest paths in the
dag. Or we could use a product instead of a sum inside the brackets, in which case we would
end up computing the path with the smallest product of edge lengths.

Dynamic programming is a very powerful algorithmic paradigm in which a problem is
solved by identifying a collection of subproblems and tackling them one by one, smallest first,
using the answers to small problems to help figure out larger ones, until the whole lot of them
is solved. In dynamic programming we are not given a dag; the dag is implicit. Its nodes are
the subproblems we define, and its edges are the dependencies between the subproblems: if
to solve subproblem B we need the answer to subproblem A, then there is a (conceptual) edge
from A to B. In this case, A is thought of as a smaller subproblem than B—and it will always
be smaller, in an obvious sense.
But it’s time we saw an example.

6.2 Longest increasing subsequences
In the longest increasing subsequence problem, the input is a sequence of numbers a1, . . . , an.
A subsequence is any subset of these numbers taken in order, of the form ai1 , ai2 , . . . , aik where
1 ≤ i1 < i2 < · · · < ik ≤ n, and an increasing subsequence is one in which the numbers are
getting strictly larger. The task is to find the increasing subsequence of greatest length. For
instance, the longest increasing subsequence of 5, 2, 8, 6, 3, 6, 9, 7 is 2, 3, 6, 9:

5 2 8 6 3 6 9 7
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Longest Increasing Subsequence

Given A = (a1, . . . , an), draw a directed graph G = (V,E) with:

• Vertices V = {1, . . . , n}
• Edges (i, j) ∈ E (from i to j) if and only if i < j and ai < aj .
S. Dasgupta, C.H. Papadimitriou, and U.V. Vazirani 171

Figure 6.2 The dag of increasing subsequences.

5 2 8 3 9 766

In this example, the arrows denote transitions between consecutive elements of the opti-
mal solution. More generally, to better understand the solution space, let’s create a graph of
all permissible transitions: establish a node i for each element ai, and add directed edges (i, j)
whenever it is possible for ai and aj to be consecutive elements in an increasing subsequence,
that is, whenever i < j and ai < aj (Figure 6.2).
Notice that (1) this graph G = (V,E) is a dag, since all edges (i, j) have i < j, and (2)

there is a one-to-one correspondence between increasing subsequences and paths in this dag.
Therefore, our goal is simply to find the longest path in the dag!
Here is the algorithm:

for j = 1, 2, . . . , n:
L(j) = 1 + max{L(i) : (i, j) ∈ E}

return maxj L(j)

L(j) is the length of the longest path—the longest increasing subsequence—ending at j (plus
1, since strictly speaking we need to count nodes on the path, not edges). By reasoning in the
same way as we did for shortest paths, we see that any path to node j must pass through one
of its predecessors, and therefore L(j) is 1 plus the maximum L(·) value of these predecessors.
If there are no edges into j, we take the maximum over the empty set, zero. And the final
answer is the largest L(j), since any ending position is allowed.

This is dynamic programming. In order to solve our original problem, we have defined a
collection of subproblems {L(j) : 1 ≤ j ≤ n} with the following key property that allows them
to be solved in a single pass:

(*) There is an ordering on the subproblems, and a relation that shows how to solve
a subproblem given the answers to “smaller” subproblems, that is, subproblems
that appear earlier in the ordering.

In our case, each subproblem is solved using the relation

L(j) = 1 + max{L(i) : (i, j) ∈ E},

Observe:

• G is a DAG, and it is topologically ordered

• (an increasing subsequence in A) ⇔ (a path in G)

Question becomes: What is the longest path in this graph G?
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Dynamic Programming
S. Dasgupta, C.H. Papadimitriou, and U.V. Vazirani 171

Figure 6.2 The dag of increasing subsequences.

5 2 8 3 9 766

In this example, the arrows denote transitions between consecutive elements of the opti-
mal solution. More generally, to better understand the solution space, let’s create a graph of
all permissible transitions: establish a node i for each element ai, and add directed edges (i, j)
whenever it is possible for ai and aj to be consecutive elements in an increasing subsequence,
that is, whenever i < j and ai < aj (Figure 6.2).
Notice that (1) this graph G = (V,E) is a dag, since all edges (i, j) have i < j, and (2)

there is a one-to-one correspondence between increasing subsequences and paths in this dag.
Therefore, our goal is simply to find the longest path in the dag!
Here is the algorithm:

for j = 1, 2, . . . , n:
L(j) = 1 + max{L(i) : (i, j) ∈ E}

return maxj L(j)

L(j) is the length of the longest path—the longest increasing subsequence—ending at j (plus
1, since strictly speaking we need to count nodes on the path, not edges). By reasoning in the
same way as we did for shortest paths, we see that any path to node j must pass through one
of its predecessors, and therefore L(j) is 1 plus the maximum L(·) value of these predecessors.
If there are no edges into j, we take the maximum over the empty set, zero. And the final
answer is the largest L(j), since any ending position is allowed.

This is dynamic programming. In order to solve our original problem, we have defined a
collection of subproblems {L(j) : 1 ≤ j ≤ n} with the following key property that allows them
to be solved in a single pass:

(*) There is an ordering on the subproblems, and a relation that shows how to solve
a subproblem given the answers to “smaller” subproblems, that is, subproblems
that appear earlier in the ordering.

In our case, each subproblem is solved using the relation

L(j) = 1 + max{L(i) : (i, j) ∈ E},

To find longest path in G via dynamic programming:

1. What table / array are we keeping track?

What is the answer in terms of table entries?

2. What is the recurrence of the table entries?

3. Write in pseudocode

4. What is running time?
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Dynamic Programming: Table Entries
S. Dasgupta, C.H. Papadimitriou, and U.V. Vazirani 171

Figure 6.2 The dag of increasing subsequences.

5 2 8 3 9 766

In this example, the arrows denote transitions between consecutive elements of the opti-
mal solution. More generally, to better understand the solution space, let’s create a graph of
all permissible transitions: establish a node i for each element ai, and add directed edges (i, j)
whenever it is possible for ai and aj to be consecutive elements in an increasing subsequence,
that is, whenever i < j and ai < aj (Figure 6.2).
Notice that (1) this graph G = (V,E) is a dag, since all edges (i, j) have i < j, and (2)

there is a one-to-one correspondence between increasing subsequences and paths in this dag.
Therefore, our goal is simply to find the longest path in the dag!
Here is the algorithm:

for j = 1, 2, . . . , n:
L(j) = 1 + max{L(i) : (i, j) ∈ E}

return maxj L(j)

L(j) is the length of the longest path—the longest increasing subsequence—ending at j (plus
1, since strictly speaking we need to count nodes on the path, not edges). By reasoning in the
same way as we did for shortest paths, we see that any path to node j must pass through one
of its predecessors, and therefore L(j) is 1 plus the maximum L(·) value of these predecessors.
If there are no edges into j, we take the maximum over the empty set, zero. And the final
answer is the largest L(j), since any ending position is allowed.

This is dynamic programming. In order to solve our original problem, we have defined a
collection of subproblems {L(j) : 1 ≤ j ≤ n} with the following key property that allows them
to be solved in a single pass:

(*) There is an ordering on the subproblems, and a relation that shows how to solve
a subproblem given the answers to “smaller” subproblems, that is, subproblems
that appear earlier in the ordering.

In our case, each subproblem is solved using the relation

L(j) = 1 + max{L(i) : (i, j) ∈ E},

1. What table are we maintaining?

What is the answer in terms of table entries?

• We maintain an array L of size n.

• L(j) = length of the longest path in G that ends at vertex j.

• Answer: The length of longest path in G is

L = max{L(j) : j ∈ V }.
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Dynamic Programming: Recurrence

2. What is the recurrence of the table entries?

• Consider a longest path Pj that ends at node j, so ℓ(Pj) = L(j).

• Consider the last edge of Pj , which must come from a neighbor i of
j (and i must appear earlier than j, by the topological ordering).

• The subpath Pi = Pj \ (i, j) must be a longest path that ends at i,
hence has length ℓ(Pi) = L(i) (otherwise, can construct a longer
path to j, contradicting Pj as a longest path).

• Thus, the path Pj must have length ℓ(Pj) = ℓ(Pi) + 1 = L(i) + 1.
So in this case (for this specific i): L(j) = L(i) + 1.

• Since this i can appear from any node before j, we have to take the
maximum over all such i.

• Therefore, the recursion is:

L(j) = 1 +max{L(i) : (i, j) ∈ E}

(if there are no incoming edges to j, then L(j) = ∞).
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Dynamic Programming: PseudocodeS. Dasgupta, C.H. Papadimitriou, and U.V. Vazirani 171

Figure 6.2 The dag of increasing subsequences.

5 2 8 3 9 766

In this example, the arrows denote transitions between consecutive elements of the opti-
mal solution. More generally, to better understand the solution space, let’s create a graph of
all permissible transitions: establish a node i for each element ai, and add directed edges (i, j)
whenever it is possible for ai and aj to be consecutive elements in an increasing subsequence,
that is, whenever i < j and ai < aj (Figure 6.2).
Notice that (1) this graph G = (V,E) is a dag, since all edges (i, j) have i < j, and (2)

there is a one-to-one correspondence between increasing subsequences and paths in this dag.
Therefore, our goal is simply to find the longest path in the dag!
Here is the algorithm:

for j = 1, 2, . . . , n:
L(j) = 1 + max{L(i) : (i, j) ∈ E}

return maxj L(j)

L(j) is the length of the longest path—the longest increasing subsequence—ending at j (plus
1, since strictly speaking we need to count nodes on the path, not edges). By reasoning in the
same way as we did for shortest paths, we see that any path to node j must pass through one
of its predecessors, and therefore L(j) is 1 plus the maximum L(·) value of these predecessors.
If there are no edges into j, we take the maximum over the empty set, zero. And the final
answer is the largest L(j), since any ending position is allowed.

This is dynamic programming. In order to solve our original problem, we have defined a
collection of subproblems {L(j) : 1 ≤ j ≤ n} with the following key property that allows them
to be solved in a single pass:

(*) There is an ordering on the subproblems, and a relation that shows how to solve
a subproblem given the answers to “smaller” subproblems, that is, subproblems
that appear earlier in the ordering.

In our case, each subproblem is solved using the relation

L(j) = 1 + max{L(i) : (i, j) ∈ E},

3. Write in Pseudocode

LongestSubsequence(A):

Let V = {1, . . . , n} and E = {(i, j) : i < j and ai < aj}
for j = 1, 2, . . . , n:

L(j) = 1 +max{L(i) : (i, j) ∈ E}
return max

j=1,...,n
L(j)

This gives the length of the path. To reconstruct the path, we can add

prev pointers like in Dijkstra.
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Dynamic Programming: Running Time

4. What is the running time?

• We need to fill an array of size n.

• Each L(j) takes d(j) = in-degree of j (number of incoming edges).

• Filling in the array takes time
∑

j∈V d(j) = |E|, by the Handshake
lemma.

(|E| is the number of increasing pairs in the entries of A.
|E| = O(n2), but can be smaller.)

• Therefore, running time is O(|E|) = O(n2).
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