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Plan

Last time: Divide and conquer

Today:
® Dynamic Programming
® 4:30 — 5:30 pm: PS review with TF (virtual)

Notes:
® Thu 03/10: Midterm 1 (in class)

o You can bring 1-page (single-side) handwritten sheet
o Cover all material until dynamic programming (next Tuesday)

¢ Review sessions Tue 03/08, Wed 03/09



Plan

Dynamic Programming



Dynamic Programming

Dynamic Programming: To solve a problem of a certain size:
® Decompose into subproblems of smaller size

® Solve subproblems in order, e.g. from smallest to largest

Do a careful accounting to avoid repeating computations.

Introduced by Richard Bellman (1953).



Example: Fibonacci Numbers

Let F(0) =0, F(1) =1, and for n > 2,
F(n)=F(n—-1)+F(n—2)

® This counts: F'(n) = # ways to tile a 1 x (n — 1) board,
using 1 x 1 and 1 x 2 tiles.

® Exact solution:

where ¢ = HT\/E ~ 1.618 is the golden ratio, and

—¢p1=1—¢~—0.618.

® So F(n) ~ ¢7; ~ 1.618" grows exponentially.
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Fibonacci: Recursive

Naive recursive implementation takes exponential time.

Fib(n):
if n=0 or 1: return n

return Fib(n — 1) + Fib(n — 2)

® Running time T'(n) satisfies recursion:
Tn)=Tn—-1)+T(n—2)
® Solution is Fibonacci number: T'(n) = F(n) (exponential)

® Wasteful, repeats many computations



Fibonacci: Recursive with Memoization

Let's remember answers to previous computations.
(Memoize: Write in memo)

FibMemo(n):

if n=0 or 1: return n
if n is in Memo: return Memo[n]
Memo[n] = Fib(n — 1) + Fib(n — 2)

return Memo[n]

e Store answers in Memo (a dictionary); subsequent queries take O(1).
® Analysis: Number of recursive calls is O(n).
o Each subproblem Fib(n —1),...,Fib(0) only computed once

® Running time is linear: T'(n) = O(n).



Graph of Dependencies

Draw a directed graph of dependencies of subproblems:
® Nodes are subproblems:

vo = Fib(0), vy = Fib(1),..., v, = Fib(n)

® Put a directed edge e;_.; = (v;,v;) if problem v; is required to solve
problem v;.

The graph should be acylic: Does not have a (directed) cycle.
(If it has a cycle, then cannot satisfy requirements.)

Fibonacci: Edges are
(v3,vi41), (Visvig2) VO<i<n

because we have the recursion Fib(i 4+ 2) = Fib(i + 1) + Fib(i)

Re-order computation from smallest to largest (“bottom-up”).



Fibonacci: Bottom-Up Approach

Fib2(n):
F[0] = 0
F[1] = 1

for ¢ from 2 to n:
Fli] =F[i — 1] + F[i — 2]

return F[n]

® Computing the same answer as recursive with memoization, but
now computation proceeds from smallest to largest

® Analysis: We are filling in an array F of size n + 1 = O(n),
each takes O(1) time.

® Running time is linear: T'(n) = O(n) x O(1) = O(n).



Dynamic Programming Recipe

To solve a problem of size n:

® Figure out what the subproblems are

Usually maintain in an array / table T'(i), T'(3, j), ...
What is your solution in terms of table entry? E.g. T'(n)

® Figure out what the recursions are among subproblems
eg. T(i,5) =T\ —1,5)+T(i,5—1), ...

e Compute solutions from smallest to largest (avoid repetition)



Dependencies Graph

Want dependencies graph to be a DAG: Directed Acyclic Graph

® Fact: We can always “linearize” (topologically sort) a DAG

i.e. put an ordering on the vertices 1,...,n, such that all
edges e = (i, j) go from smaller to larger vertices: i < j.

® Then we can solve the problem from smallest to largest.



Plan

Directed Acyclic Graph (DAG)



Directed Graph

® Let G = (V, E) be a directed graph on vertex set V' with edge set F

® Each edge e = (i, ) is directed fromi € Vto j €V

o Not necessarily symmetric: (i,7) € E does not imply
(j,1) € E.

o Undirected graph is equivalent to a symmetric directed graph:
(i.j) € E & (j,i) € E.



Directed Acyclic Graph

Let G = (V, E) be a directed graph on vertex set V with edge set F.

e G is acyclic if it has no (directed) cycle
® |n this case we say G is a directed acyclic graph (DAG).

® How to check if a directed graph G is a DAG?

Answer: Use Depth-First-Search, check if there is no back edge

® Lemma: G is a DAG < there is no back edge in DFS search tree



Topological Sort

Let G = (V, E) be a DAG.

* A topological ordering is an labeling V' = {1,2,...,n} such that
each edge e = (i,j) € E goes from smaller to larger indices: i < j.

® Theorem: G is a DAG if and only if it has a topological ordering.

® Note: There can be multiple topological ordering.



Topological Sort — Example 1

Figure 6.1 A dag and its linearization (topological ordering).
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Topological Sort — Example 2

edges point from left to right

)
@?}?@

(@) (b) (c)

[In a topological ordering, all J




How to find topological ordering?

Approach 1: Use Depth-First Search

o Index each vertex v by the time t(v) we are done with that vertex

(when we are done exploring all descendants of v)

o Order the vertices from the largest ¢t(v) (last finish) to smallest ¢(v)
(first finish).

® Lemma: If G is a DAG, then the above produces a topological
ordering. That is, each edge e = (v;,v;) € E has t(v;) > t(v;).

® So we can find topological ordering in linear time



How to find topological ordering?

Approach 2: Greedy method

o Lemma: If G is a DAG, then there is a vertex with no incoming
edge.

o To find a topological ordering on G:

o Find a node v with no incoming edges, and order it first

o Delete v from G

o Recursively compute a topological ordering of G — {v} and
append this order after v



Topological Sort — Example 3

(b) (0

Figure 3.8 Starting from the graph in Figure 3.7, nodes are deleted one by one so as
to be added to a topological ordering. The shaded nodes are those with no incoming
edges; note that there is always at least one such edge at every stage of the algorithm’s
execution.
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