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Lecture 7

Lecturer: Andre Wibisono Scribe: Adit Gupta

1 Premise of Dijkstra’s Algorithm

We are given an undirected (or directed) graph G = (V, E) with edge lengths [, > 0 for all e € E.
Moreover we are given a source s € V. The goal is the compute the distances dist[v] = §(s,v) for
all v € V, where §(s,v) represents the length of the shortest path (among all paths) from s to v

2 Greedy Approach to Shortest Path Algorithm

Suppose we have a "known” region R C V, where dist[v] = d(s,v) for all v € R. To grow the
region R to include some new vertex v ¢ R, you must:

1. Find v that minimizes dist[u] + [(u,v) over all u € R

2. Add v to R, and update the neighbors w € Adjw] via

dist[w] = min{dist[w],dist[v] + w(v,w)}

3 Analysis of Dijkstra’s Algorithm

In this section, we will prove the correctness of Dijkstra’s algorithm.

Theorem: In every iteration of Dijkstra, there are three loop invariants:
1. Vv € R, dist[v] = d(s,v) .
2. Vv ¢ R, dist[v] > d(s,v).

3. Vv € R, the path P, from s to v following the prev pointers is a shortest path with length
dist[v].

Ultimately, we are interested in the case R =V, in which case Vv € V, dist[v] = (s, v).

Proof:



Algorithm 1 Dijkstra’s Algorithm
input: G = (V, E) and source s € V
output: dist[v] for all v € V, where dist[v] is the shortest distance from s to v
dist[v] + o0, Yv € V
dist[s] < 0
R {}
while R # V do

find v ¢ R with minimum dist[v]
R <+ RY{v}
for all w € Adj[v] do
if dist[w] > dist[v] + Iy, then
dist{w] = dist[v] + Ly
prevljw] =v
end if
end for

end while

Base Case: |R| = 1. This means that R = {s}. Here dist[s] = 0 by initialization, and
dist[v] = 00 > (s, v) for all v ¢ R (i.e. v # s).

Inductive Hypothesis: Suppose that the invariants are true for |R| = k for some k > 1.

Inductive Step: We want to show that the invariants are satisfied for |R| = k + 1. Let v be the
most recent element added for |R| = k 4+ 1. Let Ry = R — {v} be the set in the previous stage, so
|Ro| = k.

Figure 1: Hlustration of R and Ry, s, u, and v

We will show dist[v] = d(s,v). Let u = prev(v], so dist[v] = dist[u] + [y, is the length of a
path Ps, from s to v that follows the shortest path Ps, from s to u (with length dist[u] since both
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are in Rp), followed by the edge (u,v).

Consider any other path ﬁsv from s to v; we will show l(]ssv) > dist[v]. Since s € Ry and
v ¢ Ro, the path must exit Ry at some point. Consider the first time P exits Ry. Let z € Ry be
the vertex before the first exist, and y ¢ Ry be the next vertex in the path. Then,

[(Psy) = 1(Psy) + 1(Pyy)
> U(Pyy) (1)
= U(P2) + Ly
> (s, x) + lay (2)
= dist[z] + lgy
> dist[y] (3)
> dist|v]. (4)

In the above, inequality (1) is because all edge lengths are positive: ¢, > 0. Inequality (2) is due
to the definition of 8(s,z) as the shortest distance from s to x (note that P,y is not necessarily
the shortest path). Inequality (3) is due to the fact that when the algorithm was at = (when z
was added to Rp), it must have updated y, so at that moment dist[y] < dist[z] + l,y; afterward,
dist[y] may be updated again, but its value never increases. Inequality (4) is due to our choice of
v as the vertex not in Ry that minimizes dist[v].

This shows that any path from s to v has length at least dist[v], and there is a path Ps, with
length dist[v]. Therefore, dist[v] = d(s,v).

Figure 2: Diagram of R and Ry, s, u, v, x, and y for the proof above

Now let us verify that conditions (1) and (2) of the theorem are still satisfied. From Ry to R,
since we are adding v, we only update the neighbors w of v, so we can limit our consideration to
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those vertices (all other vertices have their dist value unchanged, thus the invariance holds from
Ry to R).

Let us denote disti[w] to be the entry of the dist array at time k£ (when we have Ry), and
distg41[w] be the array at time k£ + 1 (when we have R). The update sets:

distyyi[w] = min{disty[w],distg[v] + luw}
= min{distg[w], (s, v) + lyw}

where in the second step above we have used what we just showed: distg[v] = distyy1[v] = d(s,v).
Let us now consider two possibilities on whether w € Ry or not.

1. Suppose w € Ry, so by induction hypothesis, we know that distg[w] = (s, w). Then
distgi1[w] = min{distg|w],d(s,v) + lyw}
= min{d(s,w),d(s,v) + lyw}
=d(s,w)
since §(s,v) + lyw = 0(s,v) + §(v,w) > 0(s,w) by the triangle inequality (see below).
2. Suppose w ¢ Ry, so by induction hypothesis, disty[w] > §(s,w). Then
distpiq[w] = min{distg[w], d(s,v) + lyw }
> min{0(s, w), d(s,v) + lyw}
> min{(s, w), 6(s,v) + (v, w)}
= (s, w)
where the last step follows from triangle inequality.
We recall the triangle inequality for shortest distance.
Theorem (Triangle Inequality): Let d(u,v) be the shortest distance as defined above. Then

for any u,v,w € V:
d(u,v) + (v, w) > §(u, w).

Checking invariance (3) of the Theorem is routine and left as an exercise to the reader. O

4 Implementing Dijkstra’s

We want to implement Dijkstra’s algorithm using priority queue, which is an abstract data type
where every element has a priority attached to it (and the queue is ordered by priority).

There are three operations desired:



u v

Figure 3: Diagram for Triangle Inequality equation

1. MakeQueue: Create a new queue
2. ExtractMin: Find (and remove) the element with smallest key

. insert and changeKey: Inserts a new element with some key, or updates the key of an
element with a new value (refreshes the priority queue).

The implementation of Dijkstra’s and its running time will be discussed in the next lecture.
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