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Lecture 9

Lecturer: Andre Wibisono Scribe: Andrew Wei

1 High-Level Overview: Introduction to Divide and Conquer

To solve a problem of a certain size, we can

• Divide: Break the problem into smaller subproblems.

• Conquer: Solve the subproblems of smaller size (using recursion: apply the same principle

to the smaller subproblems).

• Combine: Construct solution of original problem by combining solutions of subproblems.

2 Examples

2.1 Binary Search

Suppose we have a sorted array of integers. We want to return the index i such that A[i] = t, or

return False if no such i exists. Binary search proceeds by querying the midpoint element A[m]

where m = ⌊n2 ⌋ (recall the floor function returns the largest integer that is less than or equal to

the input).

Let T be the time it takes to run on an array of length n. Then, it satisfies the recurrence

T (n) = T (n/2) + 1. Unrolling the recursion, we can find a pattern:

T (n) = T (n/2) + 1

= T (n/4) + 2

. . .

= T (n/2k) + k

. . .

= T (1) + log2(n) if k = log2(n)

= O(log(n))

Thus, this algorithm has a runtime O(log n), since we do each step at most log2 n times.

Note that in the algorithm above, each time we recurse, we divide the problem size by 2. Thus,

after recursing log2 n times, we hit a problem of constant size, which we can solve directly.
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Algorithm 1: Binary Search

1 def BinarySearch(A,t):

/* Input: Sorted array of integers A where A[i] ≤ A[i+ 1] of length n,

and a target t */

2 n = length(A)

3 m = ⌊n/2⌋
4 if n = 0 then return False

5 if A[m] = t then

6 return m

7 else if A[m] > t then

8 return BinarySearch(A[1 : m− 1], t)

9 else if A[m] < t then

10 return m+ BinarySearch(A[m+ 1 : n], t)

2.2 Mergesort

Given an array of integers A of length n. We want to sort A in increasing order. Mergesort

proceeds by splitting the array in two, sorting each one recursively, and combining them together.

The pseudocode of Mergesort is in Algorithm 2 below.

See Figure 1 for an example of Mergesort.

Figure 1: Example of MergeSort
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Algorithm 2: MergeSort

1 def Mergesort(A):

/* Input: array of integers A of length n */

2 n = length(A)

3 m = ⌊n/2⌋
4 if n = 1 then return A

5 L = MergeSort(A[1 : m], t)

6 R = MergeSort(A[m+ 1 : n], t)

7 return Merge(L,R)

8 def Merge(L,R):

/* Input: two sorted arrays of integers L and R of length n and m,

respectively. */

9 n = length(L)

10 m = length(R)

11 if n = 0 then return R

12 if m = 0 then return L

13 if L[1] ≤ R[1] then

14 return L[1]◦ Merge(L[2 : n], R)

15 else

16 return R[1]◦ Merge(L,R[2 : m])
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Running time. Let T (n) be the time it takes to run Mergesort on an array of length n. Then,

it satisfies the recurrence

T (n) = 2T
(n
2

)
+O(n).

This is because every call of MergeSort calls two smaller copies of MergeSort on arrays of length

n/2. In addition, the runtime of Merge in a single call to MergeSort is O(n) because every execution

of Merge will touch every element of the L and R at most once.

Concretely, the recursion above means

T (n) = 2T
(n
2

)
+ Cn

for some constant C > 0. Then unrolling the recursion:

T (n) = 2T (n/2) + Cn

= 2
(
2T

(n
4

)
+ C

n

2

)
+ Cn

= 4T
(n
4

)
+ 2Cn

. . .

= 2kT
( n

2k

)
+ kCn after we recurse k > 0 times.

If we choose k = log2 n (which is the number of times we can recurse before we hit a problem of

constant size, i.e. n
2k

= 1), then we get that

T (n) = n log2 n+ log2(n)Cn

= O(n log n).

Note that the base of the logarithm does not matter in the big-O notation (as long as the logarithm

does not appear in the exponent). Thus, this algorithm has a runtime of O(n log n).

2.3 Integer Multiplication

Suppose that we have two n-bit integers a, b that we want to multiply. The grade-school algorithm

proceeds by multiplying all possible pairs of bits, and takes O(n2) time; see Figure 2.

2.3.1 Integer Multiplication Using Naive Divide-and-Conquer

There is a faster way to multiply two n-bit integers, a and b. First, we rewrite each integer by

dividing the bits intwo two parts: the left-half and the right-half:

a = 2n/2aL + aR

b = 2n/2bL + bR.
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Figure 2: Example of Multiplication in Binary (naive algorithm)

The product can be written as:

ab = (2n/2aL + aR)(2
n/2bL + bR)

= 2naLbL + 2n/2(aLbR + aRbL) + aRbR

We can then compute each multiplication recursively.

Algorithm 3: Divide-and-Conquer Multiplication

1 def Multiplication(a,b,n):

/* Input: Integers a and b, each n bits long. */

2 m = ⌊n2 ⌋
3 if n = 1 then return a× b

/* Divide each input into two halves. */

4 aL ← a[1 : m]

5 aR ← a[m+ 1 : n]

6 bL ← b[1 : m]

7 bR ← b[m+ 1 : n]

/* Recursively compute smaller products. */

8 p1 = Multiplication(aL, bL)

9 p2 = Multiplication(aL, bR)

10 p3 = Multiplication(aR, bL)

11 p4 = Multiplication(aR, bR)

/* Combine solutions */

12 return 2n × p1 + 2m × (p2 + p3) + p4

Note that to multiply by 2n we can shift the number by n bits of 0.

Running time. The recursion for the running time of this algorithm is

T (n) = 4T
(n
2

)
+O(n).
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This is because every time we call Multiplication we change the input size by one half, and we call

it 4 times. The additional term O(n) represents the amount of time it takes to add n-bit numbers,

and perform the bit-shifts to multiply by 2n. If we compute the total runtime of the algorithm, we

will see that it is O(n2). (We will see a general technique to solve the recursion.) Therefore, naive

divide-and-conquer does not lead to any time improvement compared to the classical algorithm.

2.3.2 Faster Integer Multiplication

As before, we rewrite each integer by dividing the bits.

a = 2n/2aL + aR

b = 2n/2bL + bR.

We can speed up the divide-and-conquer algorithm by the following observation: We can compute

the product a × b using three recursive calls of smaller products (rather than four as in the naive

method). The trick is that we have to choose the three products judiciously.

Let us compute the following 3 products recursively:

P1 = aLbL

P2 = aRbR

P3 = (aL + aR)(bL + bR).

Then, observe that we can write:

ab = 2naLbL + 2n/2(aLbR + aRbL) + aRbR

= 2nP1 + 2n/2(P3 − P2 − P1) + P2

This leads to the following divide-and-conquer algorithm, which is known as the Karatsuba

algorithm (1960) for fast integer multiplication. (We note that there are even faster methods which

we do not cover here.)

Running time. The recursion for the running time of this algorithm is now

T (n) = 3T
(n
2

)
+O(n).

It turns out the solution to this recursion is

T (n) = O(nlog2(3)) = O(n1.59).

This follows from the master theorem for solving recursion.
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Algorithm 4: Faster integer multiplication (Karatsuba algorithm)

1 def Multiplication(a,b,n):

/* Input: Integers a and b, each n bits long. */

2 m = ⌊n2 ⌋
3 if n = 1 then return a× b

/* Divide each input into two halves. */

4 aL ← a[1 : m]

5 aR ← a[m+ 1 : n]

6 bL ← b[1 : m]

7 bR ← b[m+ 1 : n]

/* Recursively compute smaller products. */

8 p1 = Multiplication(aL, bL)

9 p2 = Multiplication(aR, bR)

10 p3 = Multiplication(aL + aR, bL + bR)

/* Combine solutions */

11 return 2n × p1 + 2m × (p3 − p2 − p1) + p2

3 Preview: Recurrence and Running Time

The following is a general recipe for solving a running time recursion.

Theorem 1. (Master Theorem) Suppose that the runtime equation T (n) satisfies the recurrence:

T (n) = AT
( n

B

)
+O(nD)

for some constants A,B > 0, D ≥ 0. Then, the solution is given by:

T (n) =


O(nD) if A/BD < 1

O(nD log n) if A/BD = 1

O(nlogB(A)) if A/BD > 1.

In the next lecture, we will see why this is true.
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