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Last time

® Binary search ’T('\" T(2)+ O(l) =5 T(n) = OCl®n)

® Mergesort T = 2T(%) +0O(n) = T =O(n lon)
® Integer multiplication (Karatsuba) T(a)= 3T(3) + On)
Noive integee moth. (divide drcaquee) = () =0(, %, 3)
Today: T(n) = 4T(%) + Oh) = T(a) = O(n?)
® Master Theorem for Solving Recurrence
® Matrix Multiplication (Strassen)

® Finding Closest Pair of Points



Plan

Master Theorem for Solving Recurrence
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Recurrence for Running Time

Divide and Conquer: To solve a problem of size n:
1. Solve A subproblems, each of size n/B for some A, B > 0

2. Combine solutions of subproblems

Suppose takes O(n”) to combine solutions for some D > 0

Running time T'(n) to solve problem of size n satisfies recurrence:

T(n) = AT (%) + O(nP)
af;m)



Recurrence
If break into A subproblems, each of size n/B:

Sizen Branc hing factor a \

Size n/b

Size n/b?
Depth
log, N

SAAA _________ AA

Width al°g:" = plog,a




The Master Theorem (Solution of Recurrence)

Theorem: Suppose T'(n) satisfies, for some A, B > 0, D > 0:

_ n D
T(n) = AT (B) +O(nP)
The solution is given by:
( A
O(n?) if Ri=—= <1

BD
T(n) =< OnPlogn) if R=1

O (nles4) if R> 1.

\



The Master Theorem: Proof

Proof: Consider the execution tree of the algorithm.

The size of each subproblem is Bix original problem.

® Size of each subproblem in k" level of the tree is %
® Height of the tree is logg n.

The branching factor of the tree is A.

® At k' level of the tree, there are AX subproblems (each of size %)

The amount of work done at the kth level is:

Tk (n) = A* x O (%)D = 0(n°) x <i>k — O(nP) R¥



The total amount of work done by the algorithm is:

logg N logg N logg N
T(n)= ) Tk(n)= > OMmWP)R*=0(nP)| > R
k=0 k=0 k=0

Behavior depends on R = A/BP:
1. If R <1, then Y298 " RK = O(1), so T((n) = O(nP).

2. If R=1, then lkofg‘ " RX = O(logn), so

T(n) = O(n® logn)
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If R > 1, then

|093 N pk O(RlogB ), so

T(n) =O(nP - R'°% M)

AlogB n
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Examples

® Binary search: T'(n) =T(§) + O(1)
o A=1,B=2,D=0: R=1

o T(n) = 0(logn)

® Mergesort: T'(n) = 27(5) + O(n)
1. R=1

® Integer multiplication (naive): T'(n) = 4T'(5) + O(n)
o A=4,B=2, D=1 R=2,logg A=2
o T(n) = O(n?)

® Integer multiplication (fast): T'(n) = 3T(5) + O(n)
o A=3, B=2 D=1 R=3/2, logg A =log,3 =1.5849...
o T(n) — O(nlog2 3) — O(n1.59)



Plan

Matrix Multiplication
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Matrix Multiplication

Given two n X n matrices X,Y. The product Z = XY has entries
Zij = Z XikYkj
k=1

forall 1 <1,5 <n.

(4,9)

* Naive algorithm takes O(n?) time.



Divide-and-Conquer Approach

Write X, Y in blocks of submatrices:
A B E F
(e ) v-(n)
Matrix multiplication can be performed blockwise

vy _ (A BY(E F\_(AE+BG AF+BH
~\¢ p)\¢ H) \CE+DG CF+DH)



Divide-and-Conquer Matrix Multiplication

Mult(X,Y):

if n=1: return XY

A, B,C,D < submatrices of X
E.F,G,H < submatrices of Y
Py < Mult(A, F)

P, < Mult(B, Q)
P3 < Mult(A, F)
Py < Mult(B, H)
Ps < Mult(C, F)
Ps < Mult(D,G)
P; < Mult(C, F)
Pg < Mult(D, H)

Pr+P P —|-P4)

return (P5 +P6 P7 +P8



Divide-and-Conquer Matrix Multiplication

* Naive implementation uses 8 recursive calls of size 5 x % each.

e Combining solutions (adding § x 3 matrices) takes O(n?) time.

® Running time recursion:
® Solution is

® So naive divide-and-conquer is no faster than naive (iterative)
implementation.



Faster Divide-and-Conquer

worr('hcf.-:mro{e,

vy _ (A BY(E F\_(AE+BG AF+BH
~\¢ p)\¢ H) \CE+DG CF+DH)

Strassen’s Observation: Suffices to compute seven products:

XY:<P5+P4P2+P6 P+ P )
P; + Py P+ P —P— P
where FtP= ACF-H) + (4+8)H
L= A(F — H) = AF- ARF At gy
P, = (A+B)H = ARt
P;=(C+D)E
Py=D(G - E)

Ps=(A+D)(E+H)
Ps=(B—-D)(G+ H)
Pr=(A-C)E+F)



Strassen’s Algorithm for Faster Matrix Multiplication

Mult(X,Y):

if n=1: return XY
B

A,B,C,D < submatrices of X < (C_ D) takes O(n?)
E,F G, H < submatrices of Y = c H) s Ot )
Pi < Mult(A, F — H)

P> < Mult(A + B, H)

Ps < Mult(C + D, E)

Py < Mult(D,G — E)

Ps < Mult(A+ D,E+ H)
Ps « Mult(B — D,G + H)
P7 %Mult(A—C,E—FF)

Ps + Py — P, + P P+ P )

mwm( P+ Py P+ Ps—Ps—P;



Strassen’s Algorithm for Faster Matrix Multiplication

® Strassen's algorithm uses 7 recursive calls of size 3 x 5 each.

2 X2
e Combining solutions (adding  x 3 matrices) takes O(n?) time.
® Running time recursion:
A
T(n) =77 () +0(m?).  g=j
2 oo
=2

® Solution is



Matrix Multiplication Exponent

N@) € T(n) € O(n®)
2 < we?l3

Let w be the smallest real number such that we can multiply any two

n X n matrices with complexity O(n

Bound on w
3

lo.? = 281
2.796

2.780

2.522

2.517

2.496

2.479
2.3755
2.3737
2.3729
2.37287
2.37286

wrol)), Conjecture: w = 27?
By

Naive

Strassen (1969)

Pan (1978)

Bini, Capovani, Romani (1979)
Schonhage (1981)

Romani (1981)

Coppersmith, Winograd (1981)
Strassen (1986)

Coppersmith, Winograd (1990)
Stothers (2010)

Williams (2013)

Le Gall (2014)

Alman, Williams (2020)



Popular Articles (Optional Reading)

® Fast integer multiplication:

https://www.quantamagazine.org/
mathematicians-discover-the-perfect-way-to-multiply-20190411/

® Fast matrix multiplication:

https://www.quantamagazine.org/
mathematicians-inch-closer-to-matrix-multiplication-goal-20210323/


https://www.quantamagazine.org/mathematicians-discover-the-perfect-way-to-multiply-20190411/
https://www.quantamagazine.org/mathematicians-discover-the-perfect-way-to-multiply-20190411/
https://www.quantamagazine.org/mathematicians-inch-closer-to-matrix-multiplication-goal-20210323/
https://www.quantamagazine.org/mathematicians-inch-closer-to-matrix-multiplication-goal-20210323/
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Finding Closest Pair of Points



Finding Closest Pair of Points

Given a collection of points P = {p1,...,p,} on the plane
(2-dimensional), with each p; = (z;,y;) for some z;,y; € R.

Let d(p;, p;) be Euclidean distance:

d(pi,pj) = \/(ﬂfi —x5)* + (yi — y5)?

Goal: Find {p;,p;} (¢ # j) with smallest d(p;,p;).

* Naive algorithm: Compute all pairwise distances. O(n?) time.

® Will see divide-and-conquer: O(nlogn).



Divide-and-Conquer for Closest Pair — 0

Want to do:

® Divide points in P into two parts (by x-coordinates): The
left-half ) and the right-half R.

o Assume for simplicity all z-coordinates are distinct, all
y-coordinates are distinct.

® Recursively find closest pair in each half.

® How to find closest pair in original set?

Let (p;,p;) be a closest pair in P.
o If pi,pj € Q or pi,p; € R, then we are done.
o Whatif pj € Q, pj € R?
Naively checking d(pi,p;): pi € Q,p; € R takes O(n?) time.
o ldea: We can do better by keeping the points sorted.



Divide-and-Conquer for Closest Pair — 1

A more careful approach:

® |n the beginning, sort points in P by z-coordinates, result is F.
Also sort points in PP by y-coordinates, result is F.
Each entry in P, P, has location of the point in both lists.

® Divide P by z-coordinates: The left-half () and the right-half R.

lterate over P, P, to create in O(n) time:

o (Qx = points in () sorted by x-coordinates
o y = points in () sorted by y-coordinates

o Ry = points in R sorted by z-coordinates
o Ry = points in R sorted by y-coordinates

® Recursively find closest pair of points (g3, ¢7) in Q (given Qx, Qy).

Recursively find closest pair of points (rg,77) in R (given Ry, Ry).



Divide-and-Conquer for Closest Pair — 1

Q Line L R

Figure 5.6 The first level of recursion: The point set P is divided evenly into Q and R by
the line L, and the closest pair is found on each side recursively.



Divide-and-Conquer for Closest Pair — 2

o Let 6 = min{d(qg, a), d(rs, )}
We want to check whether 3 ¢ € Q,r € R such that d(q,r) < 6.

® |Let z* be the x-coordinate of the rightmost point in Q).
Let L be the vertical line {x = x*}. This line separates @) and R.

e Claim: If 3¢g € Q,r € R such that d(q,r) < J, then both ¢ and r
lie within a distance ¢ from L.

Proof: If ¢, r exist, write ¢ = (¢x,qy), 7 = (rx,ry). By definition of
x*, we have gx < z* < ry. Then

¥ — gy <1y —gx < d(g,7) <6

ry —x" <1y —gx < d(q,7T) <.



Divide-and-Conquer for Closest Pair — 3

® So to find a close g € Q, r € R, we can restrict our search to the
narrow band consisting of points in P of distance ¢ from L.

® Let S C P be this set, and let .Sy be this set sorted in y coordinate.
(Can construct Sy in O(n) time from F,).

® Then previous claim becomes the property: 4 q € Q),r € R such
that d(q,r) < d if and only if 35,8’ € S such that d(s,s’) < ¢

o Naive approach: Compute all pairwise d(s, s’) for s,s" € S.

o S can be equal to P in worst case, this can take O(n?) time.

e Key observation: If s,s" € S with d(s,s’) < 4, then s,s" are
within 15 positions of each other in sorted list .Sy .

o 15 can be improved, but it is a constant.



Divide-and-Conquer for Closest Pair — 3

® Lemma: If 5,8 € S with d(s,s’) < J, then s, s’ are within 15
positions of each other in sorted list Sy .

Proof:

Each box can . . .
contain at most Consider region Z of distance 6 away from L.

one input point.
Partition Z into boxes of length 6/2 each.
Line L

Observation: Each box contains at most one point from S.

(Why? Suppose a box contains two points in .S, so they are
8/2! | Lo both in () or both in R. Distance between two points in a
P o box is < g\/§ < ¢. Contradiction with the choice of § as

Boxes ! Lo the smallest distance of points in @ and in R.)

i B : Now suppose s,s” € S with d(s,s’) < d, but they are at

least 16 positions apart in .S;,. WLOG let s has smaller

: : y-coordinate. Then there are at least 3 rows of boxes in Z
between s and s’. Thus, their y-coordinates differ by at

Fi 5.7 Th ti f th 3 . : . 3 :

plane dlose to the dividing least 56. Thus, their distance is also at least 59. This

line L, as analyzed in the contradicts § as smallest distance. ]
proof of (5.10).

19 )



Divide-and-Conquer for Closest Pair — 4

To finish divide-and-conquer algorithm:
® For each s € Sy, compute distances to the next 15 points in Sy,
find the pair (s§, s7) with minimum distance ¢’ = d(sg, s7).

o Takes O(n) time (rather than O(n?)).

® If § < ¢, then return the closest pair among (q3,q7), (1§, 77).

Else, return (s§, s7).

® Running time:
o Sorting P into Px, Py: O(nlogn)
o Recursion: T'(n) = 2T(5) + O(n)
Solution: T'(n) = O(nlogn).

o Therefore, total running time is O(nlogn).



Closest-Pair (P)
Construct P, and P, (O(n log n) time)
(P}, p}) = Closest-Pair-Rec(Py,P))

Closest-Pair-Rec(Py, P))
If |[P| < 3 then
find closest pair by measuring all pairwise distances
Endif

Construct Qy, Q,, Rc, R, (O(n) time)
(@§,q7) = Closest-Pair-Rec(Qy, Q)
(r5,1) = Closest-Pair-Rec(Ry, R))

8 = min(d(qy,q7), d@g,m))

x* = maximum x-coordinate of a point in set Q
L = {(x,y : x = x%}
S

= points in P within distance § of L.

Construct S, (O(n) time)

For each point s € §,, compute distance from s
to each of next 15 points in §,
Let s, s’ be pair achieving minimum of these distances
(O(n) time)

If d(s,s’) < & then
Return (s,s)

Else if d(qj,q})) < d(r5,r)) then
Return (qg,q})

Else
Return (r5,1})
Endif



Failure of Divide-and-Conquer e
[ [T T[T mE

|

~—
n

Example: How many ways can we tile a 1 x n block, by small
blocks of size 1 x 1 or 1 x 27

Recursion: -
o=t e (I
Base cases: T'(0) =0, T(1) =1, T(2) = 2. M'il

Answer: Fibonacci number  (, 2,3 5. g 13 2, ..

Naive recursive implementation takes exponential time

o lterative solution (memoization) takes linear time



Next time

® Dynamic programming

Survey: https://tinyurl.com/cpsc365lecl0


https://tinyurl.com/cpsc365lec10

