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Last time

Divide and conquer for:

• Binary search

• Mergesort

• Integer multiplication (Karatsuba)

Today:

• Master Theorem for Solving Recurrence

• Matrix Multiplication (Strassen)

• Finding Closest Pair of Points
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Plan

Master Theorem for Solving Recurrence

Matrix Multiplication

Finding Closest Pair of Points
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Recurrence for Running Time

Divide and Conquer: To solve a problem of size n:

1. Solve A subproblems, each of size n/B for some A, B > 0

2. Combine solutions of subproblems

Suppose takes O(nD) to combine solutions for some D � 0

Running time T (n) to solve problem of size n satisfies recurrence:

T (n) = AT
⇣ n

B

⌘
+ O(nD)

Tfn
eg O n log n
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Recurrence

If break into A subproblems, each of size n/B:Figure 2.3 Each problem of size n is divided into a subproblems of size n/b.

Size 1

Size n/b 2

Size n/b

Size n

Depth
logb n

Width alogb n = nlogb a

Branc hing factor a

subproblems, each of size n/bk (Figure 2.3). The total work done at this level is

ak ×O
⇣ n

bk

⌘d
= O(nd)×

⇣ a

bd

⌘k
.

As k goes from 0 (the root) to logb n (the leaves), these numbers form a geometric series with
ratio a/bd. Finding the sum of such a series in big-O notation is easy (Exercise 0.2), and comes
down to three cases.

1. The ratio is less than 1.
Then the series is decreasing, and its sum is just given by its first term, O(nd).

2. The ratio is greater than 1.
The series is increasing and its sum is given by its last term, O(nlogb a):

nd
⇣ a

bd

⌘logb n
= nd

✓
alogb n

(blogb n)d

◆
= alogb n = a(loga n)(logb a) = nlogb a.

3. The ratio is exactly 1.
In this case all O(log n) terms of the series are equal to O(nd).

These cases translate directly into the three contingencies in the theorem statement.

55
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The Master Theorem (Solution of Recurrence)

Theorem: Suppose T (n) satisfies, for some A, B > 0, D � 0:

T (n) = AT
⇣ n

B

⌘
+ O(nD)

The solution is given by:

T (n) =

8
>>><

>>>:

O(nD) if R :=
A

BD
< 1

O(nD log n) if R = 1

O
�
nlogB A

�
if R > 1.
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The Master Theorem: Proof

Proof: Consider the execution tree of the algorithm.

The size of each subproblem is
1
B ⇥ original problem.

• Size of each subproblem in kth
level of the tree is

n

Bk .

• Height of the tree is logB n.

The branching factor of the tree is A.

• At kth
level of the tree, there are Ak

subproblems (each of size
n

Bk ).

The amount of work done at the kth
level is:

Tk (n) = Ak ⇥O
⇣ n

Bk

⌘D
= O(nD )⇥

✓
A

BD

◆k

= O(nD ) Rk
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The total amount of work done by the algorithm is:

T (n) =

log B nX

k=0

Tk (n) =

log B nX

k=0

O(nD ) Rk = O(nD )

0

@
log B nX

k=0

Rk

1

A

Behavior depends on R = A/BD
:

1. If R < 1, then
Plog B n

k=0 Rk = O(1), so T (n) = O(nD ).

2. If R = 1, then
Plog B n

k=0 Rk = O(log n), so

T (n) = O(nD log n)
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3. If R > 1, then
Plog B n

k=0 Rk = O(Rlog B n ), so

T (n) = O(nD · Rlog B n )

= O

✓
nD Alog B n

(B log B n )D

◆

= Alog B n

= A(log A n )(log B A )

= nlog B A
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Examples

• Binary search: T (n) = T (n
2 ) + O(1)

� A = 1, B = 2, D = 0: R = 1
� T (n) = O(log n)

• Mergesort: T (n) = 2T (n
2 ) + O(n)

� A = 2, B = 2, D = 1: R = 1
� T (n) = O(n log n)

• Integer multiplication (naive): T (n) = 4T (n
2 ) + O(n)

� A = 4, B = 2, D = 1: R = 2, logB A = 2
� T (n) = O(n2)

• Integer multiplication (fast): T (n) = 3T (n
2 ) + O(n)

� A = 3, B = 2, D = 1: R = 3/2, logB A = log2 3 = 1.5849...
� T (n) = O(nlog 2 3) = O(n1.59)
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Plan

Master Theorem for Solving Recurrence

Matrix Multiplication

Finding Closest Pair of Points
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Matrix Multiplication

Given two n⇥ n matrices X, Y . The product Z = XY has entries

Zij =
nX

k=1

XikYkj

for all 1  i, j  n.

This follows by taking expected values of both sides of the following statement:

Time taken on an array of size n

≤ (time taken on an array of size 3n/4)+ (time to reduce array size to ≤ 3n/4),

and, for the right-hand side, using the familiar property that the expectation of the sum is the
sum of the expectations.
From this recurrence we conclude that T (n) = O(n): on any input, our algorithm returns

the correct answer after a linear number of steps, on the average.

The Unix sort command
Comparing the algorithms for sorting and median-finding we notice that, beyond the com-
mon divide-and-conquer philosophy and structure, they are exact opposites. Mergesort splits
the array in two in the most convenient way (first half, second half), without any regard to
the magnitudes of the elements in each half; but then it works hard to put the sorted sub-
arrays together. In contrast, the median algorithm is careful about its splitting (smaller
numbers first, then the larger ones), but its work ends with the recursive call.
Quicksort is a sorting algorithm that splits the array in exactly the same way as the me-

dian algorithm; and once the subarrays are sorted, by two recursive calls, there is nothing
more to do. Its worst-case performance is �(n2), like that of median-finding. But it can be
proved (Exercise 2.24) that its average case is O(n log n); furthermore, empirically it outper-
forms other sorting algorithms. This has made quicksort a favorite in many applications—
for instance, it is the basis of the code by which really enormous files are sorted.

2.5 Matrix multiplication
The product of two n×nmatrices X and Y is a third n×n matrix Z = XY , with (i, j)th entry

Zij =
nX

k=1

XikYkj.

To make it more visual, Zij is the dot product of the ith row of X with the jth column of Y :

X Y Z

i

j

(i, j)! =

In general, XY is not the same as Y X; matrix multiplication is not commutative.
The preceding formula implies an O(n3) algorithm for matrix multiplication: there are n2

entries to be computed, and each takes O(n) time. For quite a while, this was widely believed

62

• Naive algorithm takes O(n3) time.
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Divide-and-Conquer Approach

Write X, Y in blocks of submatrices:

X =

✓
A B
C D

◆
, Y =

✓
E F
G H

◆

Matrix multiplication can be performed blockwise

XY =

✓
A B
C D

◆ ✓
E F
G H

◆
=

✓
AE + BG AF + BH
CE + DG CF + DH

◆
.
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Divide-and-Conquer Matrix Multiplication

Mult(X, Y ):

if n = 1: return XY

A, B, C, D  submatrices of X

E, F, G, H  submatrices of Y

P1  Mult(A, E)

P2  Mult(B, G)

P3  Mult(A, F )

P4  Mult(B, H)

P5  Mult(C, E)

P6  Mult(D, G)

P7  Mult(C, F )

P8  Mult(D, H)

return

✓
P1 + P2 P3 + P4

P5 + P6 P7 + P8

◆
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Divide-and-Conquer Matrix Multiplication

• Naive implementation uses 8 recursive calls of size
n
2 ⇥

n
2 each.

• Combining solutions (adding
n
2 ⇥

n
2 matrices) takes O(n2) time.

• Running time recursion:

T (n) = 8T
⇣n

2

⌘
+ O(n2).

• Solution is

T (n) = O(n3).

• So naive divide-and-conquer is no faster than naive (iterative)

implementation.
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Faster Divide-and-Conquer

XY =

✓
A B
C D

◆ ✓
E F
G H

◆
=

✓
AE + BG AF + BH
CE + DG CF + DH

◆
.

Strassen’s Observation: Su�ces to compute seven products:

XY =

✓
P5 + P4 � P2 + P6 P1 + P2

P3 + P4 P1 + P5 � P3 � P7

◆

where

P1 = A(F �H)

P2 = (A + B)H

P3 = (C + D)E

P4 = D(G� E)

P5 = (A + D)(E + H)

P6 = (B �D)(G + H)

P7 = (A� C)(E + F )

want to compute

Pi t Pz A F H tCAt B H
AF AHAHA BH
AFTBH
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Strassen’s Algorithm for Faster Matrix Multiplication

Mult(X, Y ):

if n = 1: return XY

A, B, C, D  submatrices of X

E, F, G, H  submatrices of Y

P1  Mult(A, F �H)

P2  Mult(A + B, H)

P3  Mult(C + D, E)

P4  Mult(D, G� E)

P5  Mult(A + D, E + H)

P6  Mult(B �D, G + H)

P7  Mult(A� C, E + F )

return

✓
P5 + P4 � P2 + P6 P1 + P2

P3 + P4 P1 + P5 � P3 � P7

◆

I B takes On

EE takes O n
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Strassen’s Algorithm for Faster Matrix Multiplication

• Strassen’s algorithm uses 7 recursive calls of size
n
2 ⇥

n
2 each.

• Combining solutions (adding
n
2 ⇥

n
2 matrices) takes O(n2) time.

• Running time recursion:

T (n) = 7T
⇣n

2

⌘
+ O(n2).

• Solution is

T (n) = O(nlog 2 7) = O(n2.8073... ) = O(n2.81).

A 7 R É
13 2

Log A 192D 2
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Matrix Multiplication Exponent

Let ! be the smallest real number such that we can multiply any two

n⇥ n matrices with complexity O(n!+ o(1) ). Conjecture: ! = 2?

Bound on ! By

3 Naive

2.81 Strassen (1969)

2.796 Pan (1978)

2.780 Bini, Capovani, Romani (1979)

2.522 Schönhage (1981)

2.517 Romani (1981)

2.496 Coppersmith, Winograd (1981)

2.479 Strassen (1986)

2.3755 Coppersmith, Winograd (1990)

2.3737 Stothers (2010)

2.3729 Williams (2013)

2.37287 Le Gall (2014)

2.37286 Alman, Williams (2020)

RIN ET n E O n

Z E W E 3

10927
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Popular Articles (Optional Reading)

• Fast integer multiplication:

https://www.quantamagazine.org/

mathematicians-discover-the-perfect-way-to-multiply-20190411/

• Fast matrix multiplication:

https://www.quantamagazine.org/

mathematicians-inch-closer-to-matrix-multiplication-goal-20210323/

https://www.quantamagazine.org/mathematicians-discover-the-perfect-way-to-multiply-20190411/
https://www.quantamagazine.org/mathematicians-discover-the-perfect-way-to-multiply-20190411/
https://www.quantamagazine.org/mathematicians-inch-closer-to-matrix-multiplication-goal-20210323/
https://www.quantamagazine.org/mathematicians-inch-closer-to-matrix-multiplication-goal-20210323/
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Plan

Master Theorem for Solving Recurrence

Matrix Multiplication

Finding Closest Pair of Points
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Finding Closest Pair of Points

Given a collection of points P = {p1, . . . , pn} on the plane

(2-dimensional), with each pi = (xi, yi) for some xi, yi 2 R.

Let d(pi, pj) be Euclidean distance:

d(pi, pj) =
q

(xi � xj)2 + (yi � yj)2

Goal: Find {pi, pj} (i 6= j) with smallest d(pi, pj).

• Naive algorithm: Compute all pairwise distances. O(n2) time.

• Will see divide-and-conquer: O(n log n).
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Divide-and-Conquer for Closest Pair – 0

Want to do:

• Divide points in P into two parts (by x-coordinates): The
left-half Q and the right-half R.

� Assume for simplicity all x-coordinates are distinct, all

y-coordinates are distinct.

• Recursively find closest pair in each half.

• How to find closest pair in original set?

Let (pi, pj) be a closest pair in P .

� If pi , pj 2 Q or pi , pj 2 R, then we are done.

� What if pi 2 Q, pj 2 R?

Naively checking d(pi , pj ) : pi 2 Q, pj 2 R takes O(n2) time.

� Idea: We can do better by keeping the points sorted.
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Divide-and-Conquer for Closest Pair – 1

A more careful approach:

• In the beginning, sort points in P by x-coordinates, result is Px .

Also sort points in P by y-coordinates, result is Py .

Each entry in Px , Py has location of the point in both lists.

• Divide P by x-coordinates: The left-half Q and the right-half R.

Iterate over Px , Py to create in O(n) time:

� Qx = points in Q sorted by x-coordinates
� Qy = points in Q sorted by y-coordinates

� Rx = points in R sorted by x-coordinates
� Ry = points in R sorted by y-coordinates

• Recursively find closest pair of points (q⇤0 , q⇤1) in Q (given Qx , Qy ).

Recursively find closest pair of points (r⇤0 , r⇤1) in R (given Rx , Ry ).
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Divide-and-Conquer for Closest Pair – 1

5.4 Finding the Closest Pair of Points 227

P and the closest pair among the points in the “right half” of P; and then we
use this information to get the overall solution in linear time. If we develop an
algorithm with this structure, then the solution of our basic recurrence from
(5.1) will give us an O(n log n) running time.

It is the last, “combining” phase of the algorithm that’s tricky: the distances
that have not been considered by either of our recursive calls are precisely those
that occur between a point in the left half and a point in the right half; there
are !(n2) such distances, yet we need to find the smallest one in O(n) time
after the recursive calls return. If we can do this, our solution will be complete:
it will be the smallest of the values computed in the recursive calls and this
minimum “left-to-right” distance.

Setting Up the Recursion Let’s get a few easy things out of the way first.
It will be very useful if every recursive call, on a set P′ ⊆ P, begins with two
lists: a list P′

x in which all the points in P′ have been sorted by increasing x-
coordinate, and a list P′

y in which all the points in P′ have been sorted by
increasing y-coordinate. We can ensure that this remains true throughout the
algorithm as follows.

First, before any of the recursion begins, we sort all the points in P by x-
coordinate and again by y-coordinate, producing lists Px and Py. Attached to
each entry in each list is a record of the position of that point in both lists.

The first level of recursion will work as follows, with all further levels
working in a completely analogous way. We define Q to be the set of points
in the first ⌈n/2⌉ positions of the list Px (the “left half”) and R to be the set of
points in the final ⌊n/2⌋ positions of the list Px (the “right half”). See Figure 5.6.
By a single pass through each of Px and Py, in O(n) time, we can create the

δ

Q RLine L

Figure 5.6 The first level of recursion: The point set P is divided evenly into Q and R by
the line L, and the closest pair is found on each side recursively.
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Divide-and-Conquer for Closest Pair – 2

• Let � = min{d(q⇤0 , q⇤1), d(r⇤0 , r⇤1)}.

We want to check whether 9 q 2 Q, r 2 R such that d(q, r) < �.

• Let x⇤
be the x-coordinate of the rightmost point in Q.

Let L be the vertical line {x = x⇤}. This line separates Q and R.

• Claim: If 9 q 2 Q, r 2 R such that d(q, r) < �, then both q and r
lie within a distance � from L.

Proof: If q, r exist, write q = (qx , qy ), r = (rx , ry ). By definition of

x⇤
, we have qx  x⇤  rx . Then

x⇤ � qx  rx � qx  d(q, r) < �

rx � x⇤  rx � qx  d(q, r) < �.
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Divide-and-Conquer for Closest Pair – 3

• So to find a close q 2 Q, r 2 R, we can restrict our search to the

narrow band consisting of points in P of distance � from L.

• Let S ✓ P be this set, and let Sy be this set sorted in y coordinate.

(Can construct Sy in O(n) time from Py ).

• Then previous claim becomes the property: 9 q 2 Q, r 2 R such

that d(q, r) < � if and only if 9 s, s0 2 S such that d(s, s0) < �

� Naive approach: Compute all pairwise d(s, s0) for s, s0 2 S.

� S can be equal to P in worst case, this can take O(n2) time.

• Key observation: If s, s0 2 S with d(s, s0) < �, then s, s0 are
within 15 positions of each other in sorted list Sy .

� 15 can be improved, but it is a constant.
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Divide-and-Conquer for Closest Pair – 3

• Lemma: If s, s0 2 S with d(s, s0) < �, then s, s0 are within 15
positions of each other in sorted list Sy .

Proof:

5.4 Finding the Closest Pair of Points 229

Boxes

δ/2

δ/2

Line L

Each box can
contain at most
one input point.

δδ

Figure 5.7 The portion of the
plane close to the dividing
line L, as analyzed in the
proof of (5.10).

(5.9) There exist q ∈ Q and r ∈ R for which d(q, r) < δ if and only if there
exist s, s′ ∈ S for which d(s, s′) < δ.

It’s worth noticing at this point that S might in fact be the whole set P, in
which case (5.8) and (5.9) really seem to buy us nothing. But this is actually
far from true, as the following amazing fact shows.

(5.10) If s, s′ ∈ S have the property that d(s, s′) < δ, then s and s′ are within
15 positions of each other in the sorted list Sy.

Proof. Consider the subset Z of the plane consisting of all points within
distance δ of L. We partition Z into boxes: squares with horizontal and vertical
sides of length δ/2. One row of Z will consist of four boxes whose horizontal
sides have the same y-coordinates. This collection of boxes is depicted in
Figure 5.7.

Suppose two points of S lie in the same box. Since all points in this box lie
on the same side of L, these two points either both belong to Q or both belong
to R. But any two points in the same box are within distance δ ·

√
2/2 < δ,

which contradicts our definition of δ as the minimum distance between any
pair of points in Q or in R. Thus each box contains at most one point of S.

Now suppose that s, s′ ∈ S have the property that d(s, s′) < δ, and that they
are at least 16 positions apart in Sy. Assume without loss of generality that s
has the smaller y-coordinate. Then, since there can be at most one point per
box, there are at least three rows of Z lying between s and s′. But any two
points in Z separated by at least three rows must be a distance of at least 3δ/2
apart—a contradiction.

We note that the value of 15 can be reduced; but for our purposes at the
moment, the important thing is that it is an absolute constant.

In view of (5.10), we can conclude the algorithm as follows. We make one
pass through Sy, and for each s ∈ Sy, we compute its distance to each of the
next 15 points in Sy. Statement (5.10) implies that in doing so, we will have
computed the distance of each pair of points in S (if any) that are at distance
less than δ from each other. So having done this, we can compare the smallest
such distance to δ, and we can report one of two things: (i) the closest pair
of points in S, if their distance is less than δ; or (ii) the (correct) conclusion
that no pairs of points in S are within δ of each other. In case (i), this pair is
the closest pair in P; in case (ii), the closest pair found by our recursive calls
is the closest pair in P.

Note the resemblance between this procedure and the algorithm we re-
jected at the very beginning, which tried to make one pass through P in order

Consider region Z of distance � away from L.

Partition Z into boxes of length �/2 each.

Observation: Each box contains at most one point from S.

(Why? Suppose a box contains two points in S, so they are

both in Q or both in R. Distance between two points in a

box is  �
2

p
2 < �. Contradiction with the choice of � as

the smallest distance of points in Q and in R.)

Now suppose s, s0 2 S with d(s, s0) < �, but they are at

least 16 positions apart in Sy. WLOG let s has smaller

y-coordinate. Then there are at least 3 rows of boxes in Z
between s and s0. Thus, their y-coordinates di↵er by at

least
3
2�. Thus, their distance is also at least

3
2�. This

contradicts � as smallest distance.
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Divide-and-Conquer for Closest Pair – 4

To finish divide-and-conquer algorithm:

• For each s 2 Sy , compute distances to the next 15 points in Sy ,

find the pair (s⇤0, s
⇤
1) with minimum distance �0 = d(s⇤0, s

⇤
1).

� Takes O(n) time (rather than O(n2)).

• If �  �0, then return the closest pair among (q⇤0 , q⇤1), (r⇤0 , r⇤1).

Else, return (s⇤0, s
⇤
1).

• Running time:

� Sorting P into Px , Py : O(n log n)

� Recursion: T (n) = 2T ( n
2 ) + O(n)

Solution: T (n) = O(n log n).

� Therefore, total running time is O(n log n).
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230 Chapter 5 Divide and Conquer

of y-coordinate. The reason such an approach works now is due to the ex-
tra knowledge (the value of δ) we’ve gained from the recursive calls, and the
special structure of the set S.

This concludes the description of the “combining” part of the algorithm,
since by (5.9) we have now determined whether the minimum distance
between a point in Q and a point in R is less than δ, and if so, we have
found the closest such pair.

A complete description of the algorithm and its proof of correctness are
implicitly contained in the discussion so far, but for the sake of concreteness,
we now summarize both.

Summary of the Algorithm A high-level description of the algorithm is the
following, using the notation we have developed above.

Closest-Pair(P)

Construct Px and Py (O(n log n) time)

(p∗
0, p∗

1) = Closest-Pair-Rec(Px,Py)

Closest-Pair-Rec(Px, Py)

If |P| ≤ 3 then

find closest pair by measuring all pairwise distances

Endif

Construct Qx, Qy, Rx, Ry (O(n) time)

(q∗
0,q

∗
1) = Closest-Pair-Rec(Qx, Qy)

(r∗
0,r

∗
1) = Closest-Pair-Rec(Rx, Ry)

δ = min(d(q∗
0,q

∗
1), d(r∗

0,r
∗
1))

x∗ = maximum x-coordinate of a point in set Q

L = {(x,y) : x = x∗}
S = points in P within distance δ of L.

Construct Sy (O(n) time)

For each point s ∈ Sy, compute distance from s

to each of next 15 points in Sy

Let s, s′ be pair achieving minimum of these distances
(O(n) time)

If d(s,s′) < δ then

Return (s,s′)
Else if d(q∗

0,q
∗
1) < d(r∗

0,r
∗
1) then

Return (q∗
0,q

∗
1)

5.5 Integer Multiplication 231

Else

Return (r∗
0,r

∗
1)

Endif

Analyzing the Algorithm
We first prove that the algorithm produces a correct answer, using the facts
we’ve established in the process of designing it.

(5.11) The algorithm correctly outputs a closest pair of points in P.

Proof. As we’ve noted, all the components of the proof have already been
worked out, so here we just summarize how they fit together.

We prove the correctness by induction on the size of P, the case of |P| ≤ 3
being clear. For a given P, the closest pair in the recursive calls is computed
correctly by induction. By (5.10) and (5.9), the remainder of the algorithm
correctly determines whether any pair of points in S is at distance less than
δ, and if so returns the closest such pair. Now the closest pair in P either has
both elements in one of Q or R, or it has one element in each. In the former
case, the closest pair is correctly found by the recursive call; in the latter case,
this pair is at distance less than δ, and it is correctly found by the remainder
of the algorithm.

We now bound the running time as well, using (5.2).

(5.12) The running time of the algorithm is O(n log n).

Proof. The initial sorting of P by x- and y-coordinate takes time O(n log n).
The running time of the remainder of the algorithm satisfies the recurrence
(5.1), and hence is O(n log n) by (5.2).

5.5 Integer Multiplication
We now discuss a different application of divide and conquer, in which the
“default” quadratic algorithm is improved by means of a different recurrence.
The analysis of the faster algorithm will exploit one of the recurrences con-
sidered in Section 5.2, in which more than two recursive calls are spawned at
each level.

The Problem
The problem we consider is an extremely basic one: the multiplication of two
integers. In a sense, this problem is so basic that one may not initially think of it
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Failure of Divide-and-Conquer

Example: How many ways can we tile a 1⇥ n block, by small

blocks of size 1⇥ 1 or 1⇥ 2?

Recursion:

T (n) = T (n� 1) + T (n� 2)

Base cases: T (0) = 0, T (1) = 1, T (2) = 2.

Answer: Fibonacci number

Naive recursive implementation takes exponential time

� Iterative solution (memoization) takes linear time
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Next time

• Dynamic programming

Survey: https://tinyurl.com/cpsc365lec10

https://tinyurl.com/cpsc365lec10

