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Shortest Path on Weighted Graph

Let G = (V, E) be an undirected graph with positive edge lengths
l(e)>0 Veck.

Define the distance between vertices on the graph

0: VxV =R S (
3 ®
by §=2
d(u,v) = min {(P)
P: u—v

minimization over paths from u to v, and 4(P) =) .5 {(e).

® Note: Edge lengths /(e) > 0 can be arbitrary.

The resulting 9§ is a distance: d(u,v) > 0, §(u,v) =0« u = v, and
satisfies triangle inequality.



Triangle inequality
Theorem: (Triangle inequality) For any u,v,w € V:

d(u,v) + d(v,w) > d(u, w).
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Proof:



Triangle inequality
Theorem: (Triangle inequality) For any u,v,w € V: %

d(u,v)+o(v,w) > d(u,w). u
(u,v) +6(v, w) = 6(u, w) ~

Proof:
Let P,, be a shortest path from u to v, so §(u,v) = £(Py,).
Let P, be a shortest path from v to w, so d(v,w) = £(Pyy).

Consider Py, = Py © Py, which is a path from u to w, with length
U(Pyw) = U(Pyw) + £(Pyy). Therefore,

d(u,v) + 0(v,w) = €(Pyuy) + £(Pyw)
— é( w)
> §(u, w)

<0

where the last inequality follows from the definition of §(u,w) as the
minimum length over all paths from u to w. ]



Dijkstra: Greedy Method for Shortest Path

Let G = (V, E) with edge lengths ¢(e) > 0, and a source vertex s € V.
We want to compute §(s,v) for all v € V.

Suppose we have a known region R C V with s € R.
® For all u € R, we know §(s,u) and shortest path P;,.

® Want to grow R by adding a vertex v ¢ R. Which one?

Known region




Dijkstra: Greedy Method for Shortest Path

Let G = (V, E) with edge lengths ¢(e) > 0, and a source vertex s € V.
We want to compute §(s,v) for all v € V.

Suppose we have a known region R C V with s € R.
® For all u € R, we know §(s,u) and shortest path P;,.

® Want to grow R by adding a vertex v ¢ R. Which one?

Answer: The vertex v ¢ R that minimizes over u € R:
d'(v) :=0(s,u) + £(u,v)

® Claim: For v above, d'(v) = d(s,v) is the shortest distance.

Known region




Dijkstra: Greedy Method for Shortest Path

Lemma: Let v ¢ R be the vertex that minimizes over u € R:
d'(v) :=d6(s,u) + £(u,v)

Then d'(v) = d(s,v), and Py, := (u,v) o Py, is a shortest path.
Proof:

x and y is already too long by

The alternate s-v path P through
the time it has left the set S.

Figure 4.8 The shortest path P, and an alternate s-v path P through the node y.
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Dijkstra’s Algorithm with Growing Region

Dijkstra(G, ¢, s):

for all uweV:
dist|u] = o0

dist[s] =0
R={} (the known region)
while R# V:
pick 4 ¢ R that minimizes dist|u]
R+ RU {u}
for each (u,v) € E:
if dist[v] > dist|u] + {(u,v):

dist[v] = dist|u] + ¢(u,v)

® How to implement?

® Maintain a priority queue P(=V — R) ordered by estimated
distance from s.



Priority Queue

We want to maintain a set of objects with some priorities (keys).

Operations:

e MAKEQUEUE(V, K): Make a queue with objects in V
sorted in increasing order of keys in K.

® EXTRACTMIN(P): Find and remove the element of P with
minimum key.

e CHANGEKEY(P, v): Updates (refreshes) the priority queue
after having changed the key of v.

Ve K‘@
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Implementations of Priority Queue

Tmol tati - insert/ |[V| x deletemin +
mplementation e-Letemin decreasekey (IV]+|E|) x insert
Array O(|V]) O(1) O(|V]?)

Binary heap O(log |V]) O(log |V]) O((|V| + |E]) log |V])
d-ary heap o2 O(Eh o((V|-d+|E|)elv)
Fibonacci heap O(log |V']) O(1) (amortized) | O(|V|log |V |+ |E|)

® By default, we will use binary heap implementation




Binary heap implementation of Priority Queue

® Complete binary tree, key of parent is smaller than key of children
® To insert: Add new element at the bottom and bubble up

® To EXTRACTMIN: Find element at the top and remove; pick largest
element (from the bottom) and move to top, then let it sift down

0 ke (Pocent) < kay(child)




Figure 4.11 (a) A binary heap with 10 elements. Only the key values are shown. (b)—(d) The
intermediate “bubble-up” steps in inserting an element with key 7. (e)-(g) The “sift-down”

steps in a delete-min operation.
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Dijkstra’s Algorithm with Priority Queue

Dijkstra(G, ¢, s):

for all uweV:
dist|u] = o0

prev|u| = null
dist[s] =0
P = MAKEQUEUE(V) (priority queue, using dist values as keys)

while P is not empty:
u = EXTRACTMIN(P)
for each (u,v) € E:
if dist[v] > dist|u] + {(u,v):
dist[v] = dist|u] + £(u,v)
prev[v] = u
CHANGEKEY (P, v)



Dijkstra’s Algorithm: Running Time

Operations in Dijkstra:
e MAKEQUEUE = O(|V)
e |V| x EXTRACTMIN
® |F| x CHANGEKEY

Running time of Dijkstra:

CHANGE KX
V] x BXTRACTI |5 Btmmscsiisn
los V1) Ol V1)

If use binary heap for priority queue, then running time of Dijkstra
IS:

O((IV] + [E]) log [V])



Dijkstra: Example (also works for directed graph)

Figure 4.9 A complete run of Dijkstra’s algorithm, with node A as the starting point. Also
shown are the associated dist values and the final shortest-path tree.
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Network Design Problem
Given an undirected graph G = (V, F) with edge weights

we >0 Ve€ekFE. ‘ 3
(&0

10
Goal: Choose a subset of edges £/ C E such that the resulting
subgraph G’ = (V, E') is:

1. connected, and
2. has the smallest total weight: w(G') = ..z w(e).

Network Design Problem:

min Zw e
E'CE: ( )

/
G’ connected €€E



Minimum Spanning Tree

Let T = (V, E7) be a solution to the Network Design Problem:

T € arg min E w(e)
E'CE: ,
G’ connected €€F

Lemma: T is a spanning tree (i.e. connected and has no cycles).




Minimum Spanning Tree

Let T = (V, E7) be a solution to the Network Design Problem:

T € arg min E w(e)
E'CE: ,
G’ connected €€F

Lemma: T is a spanning tree (i.e. connected and has no cycles).

Proof: If T' has a cycle C', then we can remove an edge e from the cycle
to obtain a subgraph 7" = (V, E;r — {e}) which is still connected, and T’
has smaller cost than T w(T") = w(T) — w(e) < w(T).

Thus, if T is a solution to the network design problem, then it cannot
have any cycles. Since T is also connected, 1" is a spanning tree. ]

® We say T is a minimum spanning tree (MST)
® We often identify T" with its edges £ C E

e.g. we can write the above as: 7" =T — {e}



Greedy Method for MST

Can we build MST iteratively?

® We maintain a set of edges F' C E that we will complete to
be a MST.

® \We want to grow F' by adding an additional edge e ¢ F'.

® Which edge to pick that is safe to add to F'?
(i.e. can complete F'U {e} to be a MST)




Greedy Method for MST

Can we build MST iteratively?

® We maintain a set of edges F' C E that we will complete to
be a MST.

® \We want to grow F' by adding an additional edge e ¢ F'.

® Which edge to pick that is safe to add to F'?
(i.e. can complete F'U {e} to be a MST)

Answer: Choose an edge e ¢ F' with minimum weight.



----------
~~~~~~~

Cut Property for MST Sf

-’

.
~~~~~
---------------

Lemma (Cut property): Suppose we have some edges FF C FE
which are part of a minimum spanning tree of G. Take any S C V
such that no edges in F' cross between S and V' — S. Let e be the
lightest edge connecting S and V' — §-

e=arg min  w(u,v)

(u,w)eE:
uesS, veV->5S

Then F'U {e} is also part of some MST of G.

® A cutis a partition of the vertices into two parts: S and V — S.

® So it's safe to add the lightest edge across any cut (as long as the
edges in I’ do not cross the cut).



Cut Property for MST: Proof

Proof: Let T be a MST of GG such that F' C T.
Let e be the lightest edge across S and V — S.

® Ife T, then we still have FU {e} C T.



Cut Property for MST: Proof

Proof: Let T be a MST of GG such that F' C T.
Let e be the lightest edge across S and V — S.

® Ife T, then we still have FU {e} C T.

® Suppose e ¢ T. We will construct a different MST 7" containing
F U {e} by changing one of the edges in T".

Add e to T'. Note this will create a cycle (since T' is connected,
there is already a path between the endpoints of e). This cycle must
have another edge €’ across the cut (S,V — 5).

Remove €', so we obtain
T'=TU{e} —{e'}.

We will show that 77 is a MST.



o T" is connected (between the endpoints of ¢’ we can go around the
cycle). It has n — 1 edges, so it is a tree.



o T" is connected (between the endpoints of ¢’ we can go around the
cycle). It has n — 1 edges, so it is a tree.

o By our choice of e as the lightest edge across (S, V — S), and since
e’ crosses (S,V — S), we have

w(e) < w(e').
Therefore,
w(T") = w(T) +w(e) —w(e) < w(T).
Since T is a MST, we also have w(T") > w(T). Therefore,
w(T") = w(T)
and thus 7" is also a MST. ]



Figure 5.3 The cut property at work. (a) An undirected graph. (b) Set X has three edges, and
is part of the MST T on the right. (¢) If S = {A, B,C, D}, then one of the minimum-weight
edges across the cut (S,V — S)ise ={D, E}. X U{e} is part of MST 7", shown on the right.
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The cut: e MST T
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Figure 5.3 from [Algorithms, by Dasgupta, Papadimitriou, Vazirani]



Greedy Algorithm for MST

Based on the cut property, the following general algorithm will
work to construct a MST by growing our solution set.

BuildMST (G, w):
F={} (edges picked so far)

repeat until |F| = |V|—1:
choose S CV s.t. F has no edges crossing (S,V —9)
let ¢ € E be a minimum-weight edge crossing (S,V —.9)

update F <+ FU/{e}

How to choose the cut S in each iteration?



Greedy Algorithm for MST

Based on the cut property, the following general algorithm will
work to construct a MST by growing our solution set.

BuildMST (G, w):
F={} (edges picked so far)

repeat until |F| = |V|—1:
choose S CV s.t. F has no edges crossing (S,V —9)
let ¢ € E be a minimum-weight edge crossing (S,V —.9)

update F <+ FU/{e}

How to choose the cut S in each iteration?

1. S = vertices of I': Grow a subtree, add lightest edge
connecting subtree to a new vertex (Prim’s Algorithm).



Greedy Algorithm for MST

Based on the cut property, the following general algorithm will
work to construct a MST by growing our solution set.

BuildMST (G, w):
F={} (edges picked so far)

repeat until |F|=|V|—1:
choose S CV s.t. F has no edges crossing (S,V —9)
let ¢ € E be a minimum-weight edge crossing (S,V —.9)

update F <+ FU/{e}

How to choose the cut S in each iteration?

1. S = vertices of I': Grow a subtree, add lightest edge
connecting subtree to a new vertex (Prim’s Algorithm).

2. S = best cut: Add lightest edge that does not create a cycle
(Kruskal's Algorithm)
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Prim’s Algorithm



Prim’'s Algorithm

In each iteration:

® Choose a lightest edge e connecting S = {vertices of F'} and V — S

S V-5

@

® |terates remain a subtree (only one connected component)

® Equivalently, we add a new vertex v ¢ S with minimum cost:

cost(v) = min w(u,v)



Prim’'s Algorithm

Prim(G, w):

for all weV:
costlu] = oo
prev(u] = null
pick any initial node wug € V
costlug] =0
P = MAKEQUEUE(V) (priority queue, using cost values as keys)
while P is not empty:
v = EXTRACTMIN(P)
for each (v,z2) € E:
if cost(z] > w(v, 2):
cost|z] = w(v, 2)
prev(z] = v
CHANGEKEY(P, z)

® MST can be constructed from prev

® Implementation via Priority Queue similar to Dijkstra



Prim’s Algorithm: Running Time

Operations in Prim:
e MAKEQUEUE = O(|V])
e |V| x EXTRACTMIN
® |E| x CHANGEKEY

Running time is same as Dijkstra:
CHANGE KEY
O(|V] x EXTRACTMIN + |E| X ExErRACTMEN)

If use binary heap for priority queue:

O((IV] + [E]) log [V])



Prim’'s Algorithm: Example




Prim’'s Algorithm: Example

Set S A B C D E F
{} 0/nil | co/nil | co/mil | co/nil | co/nil | co/nil
A 5/A 6/A 4/A | oo/mnil | oo/nil
A, D 2/D | 2/D co/mil | 4/D
A,D,B 1/B oo/nil | 4/D
A,D,B,C 5/C 3/C
A,D,B,C, F 4/F
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Kruskal's Algorithm

In each iteration:

® Add a lightest edge e to F' that does not create a cycle.
(& consider best possible cut (S, V — .5) in the greedy scheme)

® |terates are a forest (a collection of subtrees)




Kruskal's Algorithm: Example




Kruskal's Algorithm

® How to implement Kruskal? Need to:

o for (u,v) € E, check if u,v are in same connected component
in I
o if not, add (u,v) to F

® Model algorithm's state as collection of disjoint sets. Use data
structure that supports:

1. MAKESET(u): create a singleton set {u}
2. FIND(u): find to which set does u belong?
3. UNION(u,v): merge the sets containing u, v



Kruskal's Algorithm

Kruskal (G, w):

for all ueV:
MAKESET(u)

F={}
sort the edges I by weight

for all edges (u,v) € £ in increasing order of weight:
if Finp(u) # FIND(v):
F«+ FU{(u,v)}
UNION(u, v)

Running time: E :o(v"') = O( wE) = OC ) V)
® Sorting E takes O(|E|log |E|) = O(|E|log |V])

® After that, takes

V| x MAKESET + 2|E| x FIND + (|[V| —1) x UNION



Implementing Kruskal: Union-Find Data Structure

We store a set as a directed tree
® Nodes of the tree are elements of the set (in any order).

® Each node has a parent pointer that eventually leads to the
root of the tree. (The parent of root is null.)

® \We label the set by its root.

® Each node has a rank that counts the height of subtree
hanging from that node.



Union-Find Data Structure

MakeSet (u):
parent(u) = u
rank(u) =0

Find(u):
while parent(u) # u:
u < parent(u)
return u



Union-Find Data Structure

MakeSet (u):
parent(u) = u
rank(u) =0

Find(u):
while parent(u) # u:
u < parent(u)
return u

Running times:
* MAKESET: O(1)
® FIND: O(height of tree)

So want to implement UNION to make height of trees small.



Union-Find Data Structure

Union(u, v):
ry = FIND(u)
r, = FIND(v)
if r, =1r,: return

if rank(r,) > rank(r,):
parent(r,) < 7y

else: ) -~ é
parent(r,) < 7, d

if rank(r,) = rank(r,):
rank(r,) < rank(r,) + 1

® Make the taller tree be the parent of the shorter tree

Only increases height if the two trees are equally tall
® The rank of a node is the height of the subtree rooted at that node

® Running time: O(max{rank(r,),rank(r,)})



Union-Find Data Structure

Properties:

® rank is increasing along the parent pointers:

rank(u) < rank(parent(u))

® A root node of rank £ is obtained by merging two roots of rank
k — 1. By induction, this implies:

Any root node of rank k has at least 2¥ nodes in its tree.

(also holds for internal (non-root) nodes)



Union-Find Data Structure

Properties:

® rank is increasing along the parent pointers:

rank(u) < rank(parent(u))

® A root node of rank £ is obtained by merging two roots of rank
k — 1. By induction, this implies:

Any root node of rank k has at least 2¥ nodes in its tree.
(also holds for internal (non-root) nodes)

® Different rank-k nodes cannot have common descendants.

If there are n elements overall, then there can be at most n/2k’
nodes of rank k.

® Thus, the maximum rank is log, n.

Therefore, all trees in our collection have height < log, n.



Union-Find Data Structure

Store disjoint sets as directed trees with height < log, n
® so rank(u) = O(logn) for all u € V.

Running times of operations:
1. MAKESET(u): O(1)
2. FIND(u): O(logn)
3. UNION(u,v): O(logn)



Kruskal's Algorithm with Union-Find Data Structure

Kruskal (G, w):

for all ueV:
MAKESET (u)

F={}

sort the edges E by weight

for all edges (u,v) € E in increasing order of weight:
if Finp(u) # FInD(v):
F + FU{(u,v)}
UNION(u, v)

Running time: O([) (on (

O(mlogm + n x MAKESET + 2m X FIND + n x UNION)
= O(mlogn + nlogn) 20((0\{«\) s n)

This is the same running time as Prim’s.



Recap

For weighted graph G = (V, F) with positive edge weights:

1. Shortest Path: Dijkstra's Algorithm

o Find next shortest point from the source
o O((m + n)logn) with priority queue (binary heap)

2. Minimum Spanning Tree:
2.1 Prim’s Algorithm: O((m + n)logn) with priority queue
2.2 Kruskal's Algorithm: O((m + n)logn) with UNION-FIND
All are greedy methods.
® Also work for directed edges (with positive weights).

® But negative edge weights are difficult for Dijkstra



Challenge of negative edges

If some edge weights are negative, Dijkstra (greedy) can fail.

® |f there are negative cycles (cycles with negative total
weights), then shortest distance can be —oo.

® Can be more clever, use dynamic programming (next time)

Survey: https://tinyurl.com/cpsc365lec8


https://tinyurl.com/cpsc365lec8

