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Shortest Path on Weighted Graph

Let G = (V, E) be an undirected graph with positive edge lengths

`(e) > 0 8 e 2 E.

Define the distance between vertices on the graph

� : V ⇥ V ! R

by
�(u, v) = min

P : u!v
`(P )

minimization over paths from u to v, and `(P ) =
P

e2E `(e).

• Note: Edge lengths `(e) > 0 can be arbitrary.

The resulting � is a distance: �(u, v) > 0, �(u, v) = 0, u = v, and
satisfies triangle inequality.

8 2
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Triangle inequality

Theorem: (Triangle inequality) For any u, v, w 2 V :

�(u, v) + �(v, w) � �(u, w).

Proof:

Let Puv be a shortest path from u to v, so �(u, v) = `(Puv).
Let Pvw be a shortest path from v to w, so �(v, w) = `(Pvw).

Consider Puw = Pvw � Puv which is a path from u to w, with length
`(Puw) = `(Pvw) + `(Puv). Therefore,

�(u, v) + �(v, w) = `(Puv) + `(Pvw)

= `(Puw)

� �(u, w)

where the last inequality follows from the definition of �(u, w) as the

minimum length over all paths from u to w.
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Dijkstra: Greedy Method for Shortest Path

Let G = (V, E) with edge lengths `(e) > 0, and a source vertex s 2 V .
We want to compute �(s, v) for all v 2 V .

Suppose we have a known region R ⇢ V with s 2 R.

• For all u 2 R, we know �(s, u) and shortest path Psu.

• Want to grow R by adding a vertex v /2 R. Which one?

Answer: The vertex v /2 R that minimizes over u 2 R:

d
0(v) := �(s, u) + `(u, v)

• Claim: For v above, d
0(v) = �(s, v) is the shortest distance.

Figure 4.10 Single-edge extensions of known shortest paths.

s
u
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Known region

v

4.4.2 An alternative derivation
Here’s a plan for computing shortest paths: expand outward from the starting point s, steadily
growing the region of the graph to which distances and shortest paths are known. This growth
should be orderly, first incorporating the closest nodes and then moving on to those further
away. More precisely, when the “known region” is some subset of vertices R that includes s,
the next addition to it should be the node outside R that is closest to s. Let us call this node v;
the question is: how do we identify it?
To answer, consider u, the node just before v in the shortest path from s to v:

v
u

s

Since we are assuming that all edge lengths are positive, u must be closer to s than v is. This
means that u is in R—otherwise it would contradict v’s status as the closest node to s outside
R. So, the shortest path from s to v is simply a known shortest path extended by a single edge.
But there will typically be many single-edge extensions of the currently known shortest

paths (Figure 4.10); which of these identifies v? The answer is, the shortest of these extended
paths. Because, if an even shorter single-edge-extended path existed, this would once more
contradict v’s status as the node outside R closest to s. So, it’s easy to find v: it is the node
outside R for which the smallest value of distance(s, u) + l(u, v) is attained, as u ranges over
R. In other words, try all single-edge extensions of the currently known shortest paths, find the
shortest such extended path, and proclaim its endpoint to be the next node of R.
We now have an algorithm for growing R by looking at extensions of the current set of

shortest paths. Some extra efficiency comes from noticing that on any given iteration, the
only new extensions are those involving the node most recently added to region R. All other
extensions will have been assessed previously and do not need to be recomputed. In the
following pseudocode, dist(v) is the length of the currently shortest single-edge-extended
path leading to v; it is∞ for nodes not adjacent to R.
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Dijkstra: Greedy Method for Shortest Path

Lemma: Let v /2 R be the vertex that minimizes over u 2 R:

d
0(v) := �(s, u) + `(u, v)

Then d
0(v) = �(s, v), and Psv := (u, v) � Psu is a shortest path.

Proof:140 Chapter 4 Greedy Algorithms

x y

s
The alternate s–v path P through
x and y is already too long by
the time it has left the set S.

Set S

P!

Pu

u v

Figure 4.8 The shortest path Pv and an alternate s-v path P through the node y.

long as Pv by the time it has left the set S. Indeed, in iteration k + 1, Dijkstra’s
Algorithm must have considered adding node y to the set S via the edge (x, y)

and rejected this option in favor of adding v. This means that there is no path
from s to y through x that is shorter than Pv. But the subpath of P up to y is
such a path, and so this subpath is at least as long as Pv. Since edge lengths
are nonnegative, the full path P is at least as long as Pv as well.

This is a complete proof; one can also spell out the argument in the
previous paragraph using the following inequalities. Let P′ be the subpath
of P from s to x. Since x ∈ S, we know by the induction hypothesis that Px is a
shortest s-x path (of length d(x)), and so !(P′) ≥ !(Px) = d(x). Thus the subpath
of P out to node y has length !(P′) + !(x, y) ≥ d(x) + !(x, y) ≥ d′(y), and the
full path P is at least as long as this subpath. Finally, since Dijkstra’s Algorithm
selected v in this iteration, we know that d′(y) ≥ d′(v) = !(Pv). Combining these
inequalities shows that !(P) ≥ !(P′) + !(x, y) ≥ !(Pv).

Here are two observations about Dijkstra’s Algorithm and its analysis.
First, the algorithm does not always find shortest paths if some of the edges
can have negative lengths. (Do you see where the proof breaks?) Many
shortest-path applications involve negative edge lengths, and a more com-
plex algorithm—due to Bellman and Ford—is required for this case. We will
see this algorithm when we consider the topic of dynamic programming.

The second observation is that Dijkstra’s Algorithm is, in a sense, even
simpler than we’ve described here. Dijkstra’s Algorithm is really a “contin-
uous” version of the standard breadth-first search algorithm for traversing a
graph, and it can be motivated by the following physical intuition. Suppose
the edges of G formed a system of pipes filled with water, joined together at
the nodes; each edge e has length !e and a fixed cross-sectional area. Now
suppose an extra droplet of water falls at node s and starts a wave from s. As
the wave expands out of node s at a constant speed, the expanding sphere

R
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Dijkstra’s Algorithm with Growing Region

Dijkstra(G, `, s):

for all u 2 V :
dist[u] =1

dist[s] = 0

R = { } (the known region)
while R 6= V :

pick v /2 R that minimizes dist[v]
R R [ {v}
for each (u, v) 2 E:

if dist[v] > dist[u] + `(u, v):
dist[v] = dist[u] + `(u, v)

• How to implement?

• Maintain a priority queue P (= V �R) ordered by estimated
distance from s.

u u i
N
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Priority Queue

We want to maintain a set of objects with some priorities (keys).

Operations:

• MakeQueue(V , K): Make a queue with objects in V

sorted in increasing order of keys in K.

• ExtractMin(P ): Find and remove the element of P with
minimum key.

• ChangeKey(P , v): Updates (refreshes) the priority queue
after having changed the key of v.

IE KYLE a
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Implementations of Priority Queue
Which heap is best?
The running time of Dijkstra’s algorithm depends heavily on the priority queue implemen-
tation used. Here are the typical choices.

Implementation deletemin insert/
decreasekey

|V | × deletemin +
(|V | + |E|)× insert

Array O(|V |) O(1) O(|V |2)

Binary heap O(log |V |) O(log |V |) O((|V | + |E|) log |V |)

d-ary heap O(d log |V |
log d ) O( log |V |

log d ) O((|V | · d + |E|) log |V |
log d )

Fibonacci heap O(log |V |) O(1) (amortized) O(|V | log |V | + |E|)

So for instance, even a naive array implementation gives a respectable time complexity
of O(|V |2), whereas with a binary heap we get O((|V | + |E|) log |V |). Which is preferable?
This depends on whether the graph is sparse (has few edges) or dense (has lots of them).

For all graphs, |E| is less than |V |2. If it is �(|V |2), then clearly the array implementation is
the faster. On the other hand, the binary heap becomes preferable as soon as |E| dips below
|V |2/ log |V |.
The d-ary heap is a generalization of the binary heap (which corresponds to d = 2) and

leads to a running time that is a function of d. The optimal choice is d ≈ |E|/|V |; in other
words, to optimize we must set the degree of the heap to be equal to the average degree of the
graph. This works well for both sparse and dense graphs. For very sparse graphs, in which
|E| = O(|V |), the running time is O(|V | log |V |), as good as with a binary heap. For dense
graphs, |E| = �(|V |2) and the running time is O(|V |2), as good as with a linked list. Finally,
for graphs with intermediate density |E| = |V |1+�, the running time is O(|E|), linear!
The last line in the table gives running times using a sophisticated data structure called

a Fibonacci heap. Although its efficiency is impressive, this data structure requires con-
siderably more work to implement than the others, and this tends to dampen its appeal in
practice. We will say little about it except to mention a curious feature of its time bounds.
Its insert operations take varying amounts of time but are guaranteed to average O(1)
over the course of the algorithm. In such situations (one of which we shall encounter in
Chapter 5) we say that the amortized cost of heap insert’s is O(1).

119

• By default, we will use binary heap implementation
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Binary heap implementation of Priority Queue

• Complete binary tree, key of parent is smaller than key of children

• To insert: Add new element at the bottom and bubble up

• To ExtractMin: Find element at the top and remove; pick largest
element (from the bottom) and move to top, then let it sift down

key parent C key child

64
III

I
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Figure 4.11 (a) A binary heap with 10 elements. Only the key values are shown. (b)–(d) The
intermediate “bubble-up” steps in inserting an element with key 7. (e)–(g) The “sift-down”
steps in a delete-min operation.
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Dijkstra’s Algorithm with Priority Queue

Dijkstra(G, `, s):

for all u 2 V :
dist[u] =1
prev[u] = null

dist[s] = 0

P = MakeQueue(V ) (priority queue, using dist values as keys)
while P is not empty:

u = ExtractMin(P )
for each (u, v) 2 E:

if dist[v] > dist[u] + `(u, v):
dist[v] = dist[u] + `(u, v)
prev[v] = u

ChangeKey(P, v)
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Dijkstra’s Algorithm: Running Time

Operations in Dijkstra:

• MakeQueue = O(|V |)
• |V |⇥ ExtractMin

• |E|⇥ChangeKey

Running time of Dijkstra:

O(|V |⇥ ExtractMin + |E|⇥ ExtractMin)

If use binary heap for priority queue, then running time of Dijkstra
is:

O((|V | + |E|) log |V |)

IEEE
own toes
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Dijkstra: Example (also works for directed graph)

Figure 4.9 A complete run of Dijkstra’s algorithm, with node A as the starting point. Also
shown are the associated dist values and the final shortest-path tree.
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Network Design Problem

Given an undirected graph G = (V, E) with edge weights

we > 0 8 e 2 E.

Goal: Choose a subset of edges E
0 ✓ E such that the resulting

subgraph G
0 = (V, E

0) is:

1. connected, and

2. has the smallest total weight: w(G0) =
P

e2E0 w(e).

Network Design Problem:

min
E0✓E :

G0 connected

X

e2E0

w(e)

EFFIE
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Minimum Spanning Tree

Let T = (V, ET ) be a solution to the Network Design Problem:

T 2 arg min
E0✓E :

G0 connected

X

e2E0

w(e)

Lemma: T is a spanning tree (i.e. connected and has no cycles).

Proof: If T has a cycle C, then we can remove an edge e from the cycle
to obtain a subgraph T

0 = (V, ET � {e}) which is still connected, and T
0

has smaller cost than T : w(T 0) = w(T )� w(e) < w(T ).

Thus, if T is a solution to the network design problem, then it cannot
have any cycles. Since T is also connected, T is a spanning tree.

• We say T is a minimum spanning tree (MST)

• We often identify T with its edges ET ⇢ E

e.g. we can write the above as: T
0 = T � {e}

EEE
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Greedy Method for MST

Can we build MST iteratively?

• We maintain a set of edges F ⇢ E that we will complete to
be a MST.

• We want to grow F by adding an additional edge e /2 F .

• Which edge to pick that is safe to add to F?
(i.e. can complete F [ {e} to be a MST)

Answer: Choose an edge e /2 F with minimum weight.

FEET
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Cut Property for MST

Lemma (Cut property): Suppose we have some edges F ⇢ E

which are part of a minimum spanning tree of G. Take any S ⇢ V

such that no edges in F cross between S and V � S. Let e be the
lightest edge connecting S and V � S:

e = arg min
(u,v)2E :

u2S, v2V �S

w(u, v)

Then F [ {e} is also part of some MST of G.

• A cut is a partition of the vertices into two parts: S and V � S.

• So it’s safe to add the lightest edge across any cut (as long as the
edges in F do not cross the cut).



21/43

Cut Property for MST: Proof

Proof: Let T be a MST of G such that F ⇢ T .

Let e be the lightest edge across S and V � S.

• If e 2 T , then we still have F [ {e} ⇢ T .

• Suppose e /2 T . We will construct a di↵erent MST T
0 containing

F [ {e} by changing one of the edges in T
0.

Add e to T . Note this will create a cycle (since T is connected,
there is already a path between the endpoints of e). This cycle must
have another edge e

0 across the cut (S, V � S).

Remove e
0, so we obtain

T
0 = T [ {e}� {e

0}.

We will show that T
0 is a MST.
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Figure 5.2 T ∪ {e}. The addition of e (dotted) to T (solid lines) produces a cycle. This cycle
must contain at least one other edge, shown here as e

0, across the cut (S, V − S).

e

S V � S

e0

5.1.2 The cut property
Say that in the process of building a minimum spanning tree (MST), we have already chosen
some edges and are so far on the right track. Which edge should we add next? The following
lemma gives us a lot of flexibility in our choice.
Cut property Suppose edges X are part of a minimum spanning tree of G = (V,E). Pick any
subset of nodes S for which X does not cross between S and V − S, and let e be the lightest
edge across this partition. Then X ∪ {e} is part of some MST.
A cut is any partition of the vertices into two groups, S and V −S. What this property says

is that it is always safe to add the lightest edge across any cut (that is, between a vertex in S

and one in V − S), provided X has no edges across the cut.
Let’s see why this holds. Edges X are part of some MST T ; if the new edge e also happens

to be part of T , then there is nothing to prove. So assume e is not in T . We will construct a
different MST T

0 containing X ∪ {e} by altering T slightly, changing just one of its edges.
Add edge e to T . Since T is connected, it already has a path between the endpoints of e, so

adding e creates a cycle. This cycle must also have some other edge e
0 across the cut (S, V −S)

(Figure 8.3). If we now remove this edge, we are left with T
0 = T ∪ {e} − {e0}, which we will

show to be a tree. T
0 is connected by Property 1, since e

0 is a cycle edge. And it has the same
number of edges as T ; so by Properties 2 and 3, it is also a tree.
Moreover, T 0 is a minimum spanning tree. Compare its weight to that of T :

weight(T 0) = weight(T ) + w(e)− w(e0).

Both e and e
0 cross between S and V − S, and e is specifically the lightest edge of this type.

Therefore w(e) ≤ w(e0), and weight(T 0) ≤ weight(T ). Since T is an MST, it must be the case
that weight(T 0) = weight(T ) and that T 0 is also an MST.

Figure 5.3 shows an example of the cut property. Which edge is e
0?

5.1.3 Kruskal’s algorithm
We are ready to justify Kruskal’s algorithm. At any given moment, the edges it has already
chosen form a partial solution, a collection of connected components each of which has a tree

136

� T
0 is connected (between the endpoints of e

0 we can go around the
cycle). It has n� 1 edges, so it is a tree.

� By our choice of e as the lightest edge across (S, V � S), and since
e
0 crosses (S, V � S), we have

w(e)  w(e0).

Therefore,

w(T 0) = w(T ) + w(e)� w(e0)  w(T ).

Since T is a MST, we also have w(T 0) � w(T ). Therefore,

w(T 0) = w(T )

and thus T
0 is also a MST.
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� T
0 is connected (between the endpoints of e

0 we can go around the
cycle). It has n� 1 edges, so it is a tree.

� By our choice of e as the lightest edge across (S, V � S), and since
e
0 crosses (S, V � S), we have

w(e)  w(e0).

Therefore,

w(T 0) = w(T ) + w(e)� w(e0)  w(T ).

Since T is a MST, we also have w(T 0) � w(T ). Therefore,

w(T 0) = w(T )

and thus T
0 is also a MST.
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Figure 5.3 The cut property at work. (a) An undirected graph. (b) Set X has three edges, and
is part of the MST T on the right. (c) If S = {A,B,C,D}, then one of the minimum-weight
edges across the cut (S, V − S) is e = {D,E}. X ∪ {e} is part of MST T

0, shown on the right.
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structure. The next edge e to be added connects two of these components; call them T1 and
T2. Since e is the lightest edge that doesn’t produce a cycle, it is certain to be the lightest edge
between T1 and V − T1 and therefore satisfies the cut property.
Now we fill in some implementation details. At each stage, the algorithm chooses an edge

to add to its current partial solution. To do so, it needs to test each candidate edge u − v to
see whether the endpoints u and v lie in different components; otherwise the edge produces a
cycle. And once an edge is chosen, the corresponding components need to be merged. What
kind of data structure supports such operations?
We will model the algorithm’s state as a collection of disjoint sets, each of which contains

the nodes of a particular component. Initially each node is in a component by itself:

makeset(x): create a singleton set containing just x.

We repeatedly test pairs of nodes to see if they belong to the same set.

find(x): to which set does x belong?

And whenever we add an edge, we are merging two components.

union(x, y): merge the sets containing x and y.

The final algorithm is shown in Figure 5.4. It uses |V | makeset, 2|E| find, and |V | − 1
union operations.
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Figure 5.3 from [Algorithms, by Dasgupta, Papadimitriou, Vazirani]
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Greedy Algorithm for MST

Based on the cut property, the following general algorithm will
work to construct a MST by growing our solution set.

BuildMST(G, w):

F = { } (edges picked so far)

repeat until |F | = |V |� 1:
choose S ⇢ V s.t. F has no edges crossing (S, V � S)
let e 2 E be a minimum-weight edge crossing (S, V � S)
update F  F [ {e}

How to choose the cut S in each iteration?

1. S = vertices of F : Grow a subtree, add lightest edge
connecting subtree to a new vertex (Prim’s Algorithm).

2. S = best cut: Add lightest edge that does not create a cycle
(Kruskal’s Algorithm)
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Prim’s Algorithm

In each iteration:

• Choose a lightest edge e connecting S = {vertices of F} and V � SFigure 5.8 Prim’s algorithm: the edges X form a tree, and S consists of its vertices.

e

S V � S

X

growing to include the vertex v !∈ S of smallest cost:

cost(v) = min
u2S

w(u, v).

This is strongly reminiscent of Dijkstra’s algorithm, and in fact the pseudocode (Figure 5.9)
is almost identical. The only difference is in the key values by which the priority queue is
ordered. In Prim’s algorithm, the value of a node is the weight of the lightest incoming edge
from set S, whereas in Dijkstra’s it is the length of an entire path to that node from the
starting point. Nonetheless, the two algorithms are similar enough that they have the same
running time, which depends on the particular priority queue implementation.
Figure 5.9 shows Prim’s algorithm at work, on a small six-node graph. Notice how the

final MST is completely specified by the prev array.
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• Iterates remain a subtree (only one connected component)

• Equivalently, we add a new vertex v /2 S with minimum cost:

cost(v) = min
u2S

w(u, v)

IF
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Prim’s Algorithm

Prim(G, w):

for all u 2 V :
cost[u] =1
prev[u] = null

pick any initial node u0 2 V

cost[u0] = 0

P = MakeQueue(V ) (priority queue, using cost values as keys)
while P is not empty:

v = ExtractMin(P )
for each (v, z) 2 E:

if cost[z] > w(v, z):
cost[z] = w(v, z)
prev[z] = v

ChangeKey(P, z)

• MST can be constructed from prev

• Implementation via Priority Queue similar to Dijkstra
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Prim’s Algorithm: Running Time

Operations in Prim:

• MakeQueue = O(|V |)
• |V |⇥ ExtractMin

• |E|⇥ChangeKey

Running time is same as Dijkstra:

O(|V |⇥ ExtractMin + |E|⇥ ExtractMin)

If use binary heap for priority queue:

O((|V | + |E|) log |V |)

CH
ÉANGE
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Prim’s Algorithm: Example

Figure 5.9 Top: Prim’s minimum spanning tree algorithm. Below: An illustration of Prim’s
algorithm, starting at node A. Also shown are a table of cost/prev values, and the final MST.
procedure prim(G,w)
Input: A connected undirected graph G = (V,E) with edge weights we

Output: A minimum spanning tree defined by the array prev

for all u ∈ V :
cost(u) =∞
prev(u) = nil

Pick any initial node u0

cost(u0) = 0

H = makequeue (V ) (priority queue, using cost-values as keys)
while H is not empty:

v = deletemin(H)
for each {v, z} ∈ E:

if cost(z) > w(v, z):
cost(z) = w(v, z)
prev(z) = v

decreasekey(H, z)

B

A 6 5

3

42 FD

C E

5 41 24

B

A

FD

C E

Set S A B C D E F

{} 0/nil ∞/nil ∞/nil ∞/nil ∞/nil ∞/nil
A 5/A 6/A 4/A ∞/nil ∞/nil

A,D 2/D 2/D ∞/nil 4/D
A,D,B 1/B ∞/nil 4/D

A,D,B,C 5/C 3/C
A,D,B,C, F 4/F
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Prim’s Algorithm: Example
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Kruskal’s Algorithm

In each iteration:

• Add a lightest edge e to F that does not create a cycle.

(, consider best possible cut (S, V � S) in the greedy scheme)

• Iterates are a forest (a collection of subtrees)

Output: A tree T = (V,E
0), with E

0 ⊆ E, that minimizes

weight(T ) =
X

e2E0

we.

In the preceding example, the minimum spanning tree has a cost of 16:

A

B

C

D

E

F

1

4

2 5
4

However, this is not the only optimal solution. Can you spot another?

5.1.1 A greedy approach
Kruskal’s minimum spanning tree algorithm starts with the empty graph and then selects
edges from E according to the following rule.

Repeatedly add the next lightest edge that doesn’t produce a cycle.

In other words, it constructs the tree edge by edge and, apart from taking care to avoid cycles,
simply picks whichever edge is cheapest at the moment. This is a greedy algorithm: every
decision it makes is the one with the most obvious immediate advantage.
Figure 5.1 shows an example. We start with an empty graph and then attempt to add

edges in increasing order of weight (ties are broken arbitrarily):

B − C, C −D, B −D, C − F, D − F, E − F, A−D, A−B, C − E, A− C.

The first two succeed, but the third, B − D, would produce a cycle if added. So we ignore it
and move along. The final result is a tree with cost 14, the minimum possible.

The correctness of Kruskal’s method follows from a certain cut property, which is general
enough to also justify a whole slew of other minimum spanning tree algorithms.

Figure 5.1 The minimum spanning tree found by Kruskal’s algorithm.
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Kruskal’s Algorithm: Example
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Kruskal’s Algorithm

• How to implement Kruskal? Need to:

� for (u, v) 2 E, check if u, v are in same connected component
in F

� if not, add (u, v) to F

• Model algorithm’s state as collection of disjoint sets. Use data
structure that supports:

1. MakeSet(u): create a singleton set {u}
2. Find(u): find to which set does u belong?
3. Union(u, v): merge the sets containing u, v
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Kruskal’s Algorithm

Kruskal(G, w):

for all u 2 V :
MakeSet(u)

F = { }
sort the edges E by weight

for all edges (u, v) 2 E in increasing order of weight:
if Find(u) 6= Find(v):

F  F [ {(u, v)}
Union(u, v)

Running time:

• Sorting E takes O(|E| log |E|) = O(|E| log |V |)
• After that, takes

|V |⇥MakeSet + 2|E|⇥ Find + (|V |� 1)⇥Union

E O v2 OCKE OCWg V



36/43

Implementing Kruskal: Union-Find Data Structure

We store a set as a directed tree

• Nodes of the tree are elements of the set (in any order).

• Each node has a parent pointer that eventually leads to the
root of the tree. (The parent of root is null.)

• We label the set by its root.

• Each node has a rank that counts the height of subtree
hanging from that node.

Figure 5.4 Kruskal’s minimum spanning tree algorithm.
procedure kruskal(G,w)
Input: A connected undirected graph G = (V,E) with edge weights we

Output: A minimum spanning tree defined by the edges X

for all u ∈ V :
makeset(u)

X = {}
Sort the edges E by weight
for all edges {u, v} ∈ E, in increasing order of weight:

if find(u) "= find(v):
add edge {u, v} to X

union(u, v)

5.1.4 A data structure for disjoint sets
Union by rank
One way to store a set is as a directed tree (Figure 5.5). Nodes of the tree are elements of the
set, arranged in no particular order, and each has parent pointers that eventually lead up to
the root of the tree. This root element is a convenient representative, or name, for the set. It
is distinguished from the other elements by the fact that its parent pointer is a self-loop.
In addition to a parent pointer �, each node also has a rank that, for the time being, should

be interpreted as the height of the subtree hanging from that node.

procedure makeset(x)
�(x) = x

rank(x) = 0

function find(x)
while x "= �(x) : x = �(x)

Figure 5.5 A directed-tree representation of two sets {B,E} and {A,C,D,F,G,H}.
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Union-Find Data Structure

MakeSet(u):
parent(u) = u

rank(u) = 0

Find(u):
while parent(u) 6= u:

u parent(u)
return u

Running times:

• MakeSet: O(1)

• Find: O(height of tree)

So want to implement Union to make height of trees small.
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Union-Find Data Structure

Union(u, v):
ru = Find(u)
rv = Find(v)
if ru = rv: return
if rank(ru) > rank(rv):

parent(rv) ru

else:
parent(ru) rv

if rank(ru) = rank(rv):
rank(rv) rank(rv) + 1

• Make the taller tree be the parent of the shorter tree

Only increases height if the two trees are equally tall

• The rank of a node is the height of the subtree rooted at that node

• Running time: O(max{rank(ru), rank(rv)})

0885888
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Union-Find Data Structure

Properties:

• rank is increasing along the parent pointers:

rank(u) < rank(parent(u))

• A root node of rank k is obtained by merging two roots of rank
k � 1. By induction, this implies:

Any root node of rank k has at least 2k nodes in its tree.

(also holds for internal (non-root) nodes)

• Di↵erent rank-k nodes cannot have common descendants.

If there are n elements overall, then there can be at most n/2k

nodes of rank k.

• Thus, the maximum rank is log2 n.

Therefore, all trees in our collection have height  log2 n.
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Union-Find Data Structure

Store disjoint sets as directed trees with height  log2 n

• so rank(u) = O(log n) for all u 2 V .

Running times of operations:

1. MakeSet(u): O(1)

2. Find(u): O(log n)

3. Union(u, v): O(log n)
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Kruskal’s Algorithm with Union-Find Data Structure

Kruskal(G, w):

for all u 2 V :
MakeSet(u)

F = { }
sort the edges E by weight

for all edges (u, v) 2 E in increasing order of weight:
if Find(u) 6= Find(v):

F  F [ {(u, v)}
Union(u, v)

Running time:

O(m log m + n⇥MakeSet + 2m⇥ Find + n⇥Union)

= O(m log n + n log n)

This is the same running time as Prim’s.

omen mean

mta layn
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Recap

For weighted graph G = (V, E) with positive edge weights:

1. Shortest Path: Dijkstra’s Algorithm
� Find next shortest point from the source
� O((m + n) log n) with priority queue (binary heap)

2. Minimum Spanning Tree:
2.1 Prim’s Algorithm: O((m + n) log n) with priority queue
2.2 Kruskal’s Algorithm: O((m + n) log n) with Union-Find

All are greedy methods.

• Also work for directed edges (with positive weights).

• But negative edge weights are di�cult for Dijkstra
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Challenge of negative edges

If some edge weights are negative, Dijkstra (greedy) can fail.

• If there are negative cycles (cycles with negative total
weights), then shortest distance can be �1.

Figure 4.12 Dijkstra’s algorithm will not work if there are negative edges.
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4.6 Shortest paths in the presence of negative edges
4.6.1 Negative edges
Dijkstra’s algorithm works in part because the shortest path from the starting point s to any
node v must pass exclusively through nodes that are closer than v. This no longer holds when
edge lengths can be negative. In Figure 4.12, the shortest path from S to A passes through B,
a node that is further away!
What needs to be changed in order to accommodate this new complication? To answer this,

let’s take a particular high-level view of Dijkstra’s algorithm. A crucial invariant is that the
dist values it maintains are always either overestimates or exactly correct. They start off at
∞, and the only way they ever change is by updating along an edge:

procedure update((u, v) ∈ E)
dist(v) = min{dist(v),dist(u) + l(u, v)}

This update operation is simply an expression of the fact that the distance to v cannot possibly
be more than the distance to u, plus l(u, v). It has the following properties.

1. It gives the correct distance to v in the particular case where u is the second-last node
in the shortest path to v, and dist(u) is correctly set.

2. It will never make dist(v) too small, and in this sense it is safe. For instance, a slew of
extraneous update’s can’t hurt.

This operation is extremely useful: it is harmless, and if used carefully, will correctly set
distances. In fact, Dijkstra’s algorithm can be thought of simply as a sequence of update’s.
We know this particular sequence doesn’t work with negative edges, but is there some other
sequence that does? To get a sense of the properties this sequence must possess, let’s pick a
node t and look at the shortest path to it from s.

ts
u1 u2 u3 uk

This path can have at most |V | − 1 edges (do you see why?). If the sequence of updates per-
formed includes (s, u1), (u1, u2), (u2, u3), . . . , (uk, t), in that order (though not necessarily con-
secutively), then by the first property the distance to t will be correctly computed. It doesn’t
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• Can be more clever, use dynamic programming (next time)

Survey: https://tinyurl.com/cpsc365lec8

https://tinyurl.com/cpsc365lec8

