
CPSC 365 / ECON 365: Algorithms February 8, 2022

Lecture 5

Lecturer: Andre Wibisono Scribe: Eric Xue

1 Graph Representation

We can represent a graph G = (V,E) using an adjacency list.

Definition 1. An adjacency list Adj is an array of size |V | where each element in Adj corresponds

to a vertex u ∈ V and stores a pointer to a linked list Adj[u]. For each u ∈ V , Adj[u] is a (linked)

list of u’s neighbors in G, i.e., Adj[u] = {v ∈ V : {u, v} ∈ E}.

Example 1. Let V := {s, a, b, c, d, e}, E := {{s, a}, {s, c}, {s, d}, {s, e}, {a, b}, {b, c}, {d, e}}, and

consider G := (V,E). See Figure 1 for a pictorial representation of G.

Figure 1: The graph G = (V,E)

The corresponding adjacency list, denoted Adj, sets Adj[s] = {a, c, d, e},Adj[a] = {s, b},Adj[b] =

{a, c},Adj[c] = {s, b},Adj[d] = {s, e},Adj[e] = {s, e}. See Figure 2 for a pictorial representation

of Adj.

Theorem 1. Given G = (V,E), the size of Adj is O(|V |+ |E|).

Proof. The array which stores the pointers is of size |V |. Moreover, upon observing that |Adj[u]| =
deg(u) for all u ∈ G, we get that the total size of the linked lists is∑

u∈V
|Adj[u]| =

∑
u∈V

deg(u) = 2 |E|

(for the last equality, see problem 2.1 from the first discussion section). It follows that the size of

Adj is |V |+ 2 |E| = O(|V |+ |E|).
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Figure 2: The adjacency list Adj of G = (V,E).

2 Depth-First Search (DFS)

The goal of DFS is to exhaustively explore a given graph G = (V,E). In other words, the algo-

rithm should have visited every vertex upon termination. See Algorithm 1 for a description of the

algorithm. In this section, we analyze its correctness and running time.

Recall the following lemma from Lecture 4.

Lemma 1. (Correctness of Explore) Let G = (V,E), v ∈ V , and let Cv denote the connected

component of G containing v. Explore(G, v) sets visited[w] = 1 for all w ∈ Cv.

The following results follows readily from Lemma 1.

Theorem 2. (Correctness of DFS) Let G = (V,E). For all v ∈ V , visited[v] = 1.

Proof. Note that DFS iterates over all vertices v ∈ V and calls Explore(G, v) if and only if v has

not been visited before. Thus, either (1) v has not been visited before, Explore(G, v) is called,

and v is marked as visited or (2) v has already been marked as visited. Either way, v is marked as

visited upon termination.

Lemma 2. (Running time of DFS) DFS requires O(|V |+ |E|) time.

Proof. Setting visited[v] = 0 for each v ∈ V requires O(1) time. Thus, setting visited[v] = 0 for

all v ∈ V requires O(|V |) time.
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Now, note that Explore(G, u) is called for some u ∈ V if and only if u has not been visited

before, and once Explore(G, u) is called, u is marked as visited. Thus, Explore is called at most

once on each u ∈ V . Moreover, each call to Explore(G, u) iterates over Adj[u], so combined, calls

to Explore contribute at most ∑
u∈V
|Adj[u]| =

∑
u∈V

deg(u) = 2 |E|

to the running time of DFS. It follows that the running time of DFS is O(|V |+ |E|).

Algorithm 1: Depth-First Search

1 def DFS(G):

/* Input: G = (V,E) in the form of an adjacency list Adj */

2 for v ∈ V do

3 visited[v]← 0

4 end

5 for v ∈ V do

6 if visited[v] = 0 then

7 Explore(G, v)

8 end

9 end

10 def Explore(G, v):

/* Input: G = (V,E) in the form of an adjacency list Adj, v ∈ V */

11 visited[v]← 1

12 for w ∈ Adj[v] do // note that w ∈ Adj[v] ⇐⇒ {v, w} ∈ E

13 if visited[w] = 0 then

14 Explore(G,w)

15 end

16 end

2.1 Applications of DFS

2.1.1 Counting the number of connected components and identifying each vertex

with its connected component

Theorem 3. Algorithm 2 correctly counts the number of connected components and correctly iden-

tifies each vertex with its connected component.

Proof. Note that numcc is incremented if and only if v ∈ V has not been visited by some previous

call to Explore. Since Explore visits all vertices in a connected component by Lemma 1, it
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must be that v ∈ V has not been visited by some previous call to Explore if and only if its

connected component has never been previously visited. Thus, numcc is incremented if and only if

a new connected component is discovered, proving that Algorithm 2 correctly counts the number

of connected components.

To see why the algorithm correctly identifies each vertex with its connected component, note

that ccid’s are only set in a call to Explore. But numcc is never incremented in a call to Explore,

and Explore visits all vertices in a connected component by Lemma 1. Thus, the vertices in the

same connected component are assigned the same ccid.

Algorithm 2: Depth-First Search for Counting Connected Components

1 def DFS(G):

/* Input: G = (V,E) in the form of an adjacency list Adj */

2 numcc = 0 // number of connected components seen so far

3 for v ∈ V do

4 visited[v]← 0

5 ccid[v]←⊥
6 end

7 for v ∈ V do

8 if visited[v] = 0 then

9 numcc← numcc + 1

10 Explore(G, v)

11 end

12 end

13 def Explore(G, v):

/* Input: G = (V,E) in the form of an adjacency list Adj, v ∈ V */

14 visited[v]← 1

15 ccid[v]← numcc

16 for w ∈ Adj[v] do // note that w ∈ Adj[v] ⇐⇒ {v, w} ∈ E

17 if visited[w] = 0 then

18 Explore(G,w)

19 end

20 end

We now go through an example execution of DFS in Algorithm 2.
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Example 2. Consider G = (V,E) where

V = {s, a, b, c, d, e, f, g},
E = {{s, a}, {s, c}, {s, d}, {s, e}, {a, b}, {b, c}, {d, e}, {f, g}}.

See Figure 3 for a graphical representation.

Figure 3: The graph G = (V,E)

After running DFS in Algorithm 2, we end up with the following DFS search forest (i.e. a

collection of trees indicating the order in which the vertices are explored) in Figure 4.

Figure 4: The DFS search forest for the graph in Figure 3.

We illustrate each step of Algorithm 2 in Figure 7–Figure 23 in Section 4. Note that in DFS,

we keep track of which nodes we are investigating by a stack (first-in-last-out).

2.1.2 Other applications of DFS

1. Test if G = (V,E) is connected.

2. Test if G = (V,E) contains a cycle.

(Exercise: G contains a cycle if and only if the DFS search forest contains a back edge.)

3. Topological sorting for directed acyclic graphs (DAGs).
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3 The Shortest Path Problem and Breadth-First Search (BFS)

Given an unweighted graph G = (V,E) and a vertex s ∈ G, the shortest path problem (for an

unweighted graph) asks us to find the shortest path from s to v for all v ∈ V . How should we

approach solving this problem? We first point out that in general, DFS will not find the shortest

path from one vertex to another: in the example execution of DFS in the previous section, the

path from s to c discovered by DFS was the path s→ a→ b→ c, a path of length 3, even though

the shortest s-c path is s → c, a path of length 1. Intuitively, what goes wrong with DFS is that

vertices of greater distance are explored before all vertices of smaller distance are explored. Thus, a

natural next idea is to explore all nearby vertices before moving on to further ones. This approach

yields breadth-first search (BFS). In the next lecture, we will show that BFS indeed solves the

shortest path problem for unweighted graphs.

In this section, we introduce the breadth-first search algorithm and walk through an execution

of the algorithm. BFS has a natural physical interpretation. Given a graph G = (V,E), think of

the vertices as heavy metal balls and the edges as strings of equal length. If we place this ensemble

on a table, then we get something that resembles a graph. Now, if we grab one of the balls, say, the

ball corresponding to some vertex s ∈ V , and lift the ensemble off the table, then due to gravity,

our ensemble becomes a bunch of dangling balls. Note that the ball corresponding to s that we are

holding is at the very top, the balls of distance 1 from s are one string’s length below s, the balls

of distance 2 from s are two string’s length below s, and so on. Thus, BFS can be interpreted as

starting from the top-most ball and exploring downward layer by layer.

Figure 5: On the left: the metal balls with string between them lying on the table; on the right: the

metal balls dangling as we hold s. Note that a, c, d, e, which dangle right below s, are of distance

1 from s in the graph; and b, which dangles below a, c, d, e, is of distance 2 from s in the graph.

Credit: Figures 4.2 from Algorithms by Dasgupta, Papadimitriou, Vazirani

.

We describe BFS in Algorithm 3.
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Algorithm 3: Breadth-First Search

1 def BFS(G,s):

/* Input: G = (V,E) as an adjacency list Adj; a source vertex s ∈ V . */

2 for v ∈ V do

3 dist[v]←∞ // distance from s to v

4 parent[v]←⊥ // previous vertex in shortest path from s to v

5 end

6 dist[s]← 0

7 Q.enqueue(s) // initialize queue with s

8 while Q ̸= ∅ do

9 u = Q.dequeue // find (and remove) first element of queue

10 for v ∈ Adj[u] do

11 if dist[v] =∞ then

12 Q.enqueue(v) // add to queue (at the end)

13 dist[v]← dist[u] + 1

14 parent[v]← u

15 end

16 end

17 end
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Example 3. Again, consider G = (V,E) where where

V = {s, a, b, c, d, e, f, g},
E = {{s, a}, {s, c}, {s, d}, {s, e}, {a, b}, {b, c}, {d, e}, {f, g}}

See Figure 3 for a graphical representation.

After running BFS in Algorithm 3, we end up with the following BFS search tree in Figure 6.

Note that vertices f, g are never visited, since they are not in the same connected component as s.

Figure 6: The BFS search tree for the graph in Figure 3.

We illustrate each step of Algorithm 3 in Figure 5–Figure 5 in Section 5. Note that in BFS, we

keep track of which nodes we are investigating by a queue (first-in-first-out).

4 DFS Illustration

We illustrate running DFS (Algorithm 2) to the graph G = (V,E) in Figure 3 to produce the DFS

search forest in Figure 4. In DFS, we keep track of which nodes we are investigating by a stack

(first-in-last-out).
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Figure 7: Variables, search forest, stack upon initialization of DFS.

Figure 8: Explore(G, s) is called (s is added to the stack); numcc is updated.
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Figure 9: a is the first unvisited vertex in Adj[s], so Explore(G, a) is called (a is added to stack).

Figure 10: b is the first unvisited vertex in Adj[a], Explore(G, b) is called (b is added to stack).
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Figure 11: c is the first unvisited vertex in Adj[b], so Explore(G, c) is called (c is added to stack).

Upon investigating Adj[c], a back edge to s is discovered.

Figure 12: All neighbors of c have been visited, so Explore(G, c) terminates (c is removed (popped)

from stack).
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Figure 13: All neighbors of b have been visited, so Explore(G, b) terminates (b is removed from

stack).

Figure 14: All neighbors of a have been visited, so Explore(G, a) terminates (a is removed from

stack).
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Figure 15: d is next unvisited in Adj[s], so Explore(G, d) is called (d is added to stack).

Figure 16: e is the first unvisited vertex in Adj[d], so Explore(G, e) is called (e is added to stack);

a back edge to s is discovered.
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Figure 17: All neighbors of e have been visited, so Explore(G, e) terminates (e is removed from

stack).

Figure 18: All neighbors of d have been visited, so Explore(G, d) terminates (d is removed from

stack).
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Figure 19: All neighbors of s have been visited, so Explore(G, s) terminates (s is removed from

stack). At this point we are back in the main DFS loop.

Figure 20: Explore(G, f) is called (f is added to stack); new connected component, so numcc is

updated.
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Figure 21: g is the first unvisited vertex in Adj[f ], so Explore(G, g) is called (g is added to stack).

Figure 22: All neighbors of g have been visited, so Explore(G, g) terminates (g is removed from

stack).
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Figure 23: All neighbors of f have been visited, so Explore(G, f) terminates (f is removed from

stack); there are no more unvisited vertices, so Algorithm 2 terminates

.

5 BFS Illustration

We illustrate running BFS (Algorithm 3) to the graph G = (V,E) in Figure 3 to produce the BFS

search tree in Figure 6. In BFS, we keep track of which nodes we are investigating by a queue

(first-in-first-out).
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Figure 24: Variables, search forest, queue upon initialization

Figure 25: Dequeue s, enqueue a, and set variables for a
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Figure 26: Enqueue c, and set variables for c

Figure 27: Enqueue d, and set variables for d
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