CPSC 365 / ECON 365: Algorithms February 3, 2022

Lecture 4

Lecturer: Andre Wibisono Scribe: Matthew Zhang

1 Overview

This lecture continues and finishes the analysis of the stable matching algorithm, and we also
introduce our first algorithm for graph exploration: depth-first search (DFS). Specifically, these
lecture notes cover:

e Analysis of the Stable Matching problem (including correctness, optimality, and pessimality).
e Review of graph representation methods.

e Introduction of explore and DFS algorithms for graph exploration.

2 Analysis of Stable Matching Algorithm

Consider the Stable Matching Algorithm for n men and n women. In the last lecture, we proved
that the algorithm halts, and it does so in O(n?) time. In this lecture, we want to answer the
remaining two questions.

e Does it halt with a perfect matching?

e Does it halt with a stable matching?

Recall the formal statements we have already proved:
Lemma 1. Stable Matching Algorithm halts in at most n? days.

Lemma 2. (Improvement Lemma) If man M proposes to woman W on day k, then on every
subsequent day, W has a man on a string whom she likes at least as much as M.

Today, we will show the following results.
Lemma 3. Stable Matching Algorithm halts with a perfect matching.

Proof. We use proof by contradiction. Suppose there is a man M who is not paired when the
algorithm halts. This means that M must have proposed to all n women in his list. Otherwise,
the algorithm would have M propose to the next women on his list on the next day. By the
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Improvement Lemma, for every woman, ever since the day that M has proposed to her, she must
have had someone that she likes at least as much as M. Thus, each of the n women has had a
man on a string since M proposed to her. When the algorithm halts, this means n women have
n men on a string, not including M. So, there must be at least n + 1 men, which contradicts our
assumption that there are only n men. O

Since we have now proven all the lemmas (small helper statements) that we need, we can now move
forward and prove our main result: that the Stable Matching Algorithm always produces a stable
matching.

Theorem 1. The Stable Matching Algorithm always produces a stable matching.

Proof. By Lemma 3, we know that the algorithm halts with a perfect matching. We will show that
this matching is stable, which means that it has no rogue couples. Recall that a rogue couple exists
if there exists a pair of couples (M, W7) and (Ma, Wa) such that M; prefers Wa to Wy, and Wy
also prefers M; to May; then (M;, Ws) is a rogue couple. Returning to the proof, consider any man
M. Since we know that the matching is perfect, suppose M is paired with W in the matching.
Then consider any woman W’ and suppose M prefers W’ to W. We will argue that W' prefers her
partner in the matching to M, so that (M, W’) cannot be a rogue couple.

Since W' occurs before W in the list of preferences of M, he must have proposed to W’ be-
fore he proposed to W based on how the algorithm operates. But W’ must have rejected M for
another man M’ that she prefers more than M (W' : M’ > M) because she does not end up with
M when the algorithm halts. By the Improvement Lemma, W' prefers her final partner M” at
least as much as M’, and hence more than M (W' : M"” > M’ > M). Therefore, (M, W') cannot
be a rogue couple. Since this holds for any arbitrary man M, we conclude that this matching is
stable. O

2.1 Optimality of Matching

We have shown that the Stable Matching Algorithm produces a stable matching. However, among
all stable matchings, which one does the algorithm produce? We begin with the following defini-
tions.

Definition 1. (Optimal woman for a man) A woman W is the optimal woman for a man M, if
among all possible stable matchings, W is the most preferred women that M can be paired with.

Note that the definition considers all possible stable matchings (rather than all possible matchings).
In the example below (of 3 men and 3 women, with only two possible stable matchings), we observe
that the optimal woman for Mario (A) is Peach (1), the optimal woman for Luigi (B) is Daisy (2),
and the optimal woman for Toad (C) is Rosalina (3). Note that even though Toad prefers Peach
and Daisy over Rosalina, he is matched to Rosalina in all possible stable matchings.
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Figure 1: The two stable matchings from the Mario example.

Definition 2. (Male-optimal matching) We say a stable matching is male-optimal if each man
M is paired with his optimal woman W.

Note that a priori, it is not clear that a male-optimal stable matching exists. (For example,
this says that no two men have the same optimal woman.) But surprisingly, a male-optimal stable
matching exists, and furthermore, the Stable Matching Algorithm always produces one.

Theorem 2. The Stable Matching Algorithm produces the male-optimal stable matching.
Proof. See textbook S1.1 (1.7). O

2.2 Optimality vs Pessimality
Conversely, we can also define the notion of pessimality as follows.

Definition 3. (Pessimal man for a woman) A man M is the pessimal man for a woman W, if
among all possible stable matchings, M is the least preferred man that W can be paired with.

In the example above, the pessimal man for Peach (1) is Mario (A), the pessimal man for Daisy
(2) is Luigi (B), and the pessimal man for Rosalina (3) is Toad (C).

Definition 4. (Female-pessimal matching) We say a stable matching is female-pessimal if each
woman W is paired with her pessimal man M.

Note that we can also define terms such as male-pessimal and female-optimal.
We know that the Stable Matching Algorithm produces the male-optimal stable matching. Is
it possible to achieve male-optimality and female-optimality simultaneously?

Theorem 3. If a matching is male-optimal, then it is also female-pessimal.

Proof. See textbook S1.1 (1.8). O

Question: How do we get the female-optimal stable matching?
Answer: By symmetry, we can have the women propose and the men reject.
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3 Graph Exploration: Depth-First Search

3.1 How to Represent a Graph

Let G = (V,E) be a graph on vertex set V = {1,...,n} with edge set E. Assume edges are
undirected and unweighted. How can we represent GG as input in an algorithm? The two common
techniques are adjacency matrices and adjacency lists.

3.1.1 Adjacency Matrix
Given a graph G = (V,E) on V ={1,...,n}.

}TLXTL

Definition 5. Adjacency matriz: an n x n matriz A € {0,1 with entries

1 if (i,)) € E,
Aij = L
0 if (i,§)¢E.
If G is an undirected graph, then A is symmetric: A;; = Aj;. We can implement this adjacency

matrix as an array, where we can check if (i,7) € E in O(1) time. However, this requires O(n?)
space, which may be wasteful if a graph does not have many edges (”sparse”).

Figure 2: Adjacency matrix example from lecture.

3.1.2 Dense vs Sparse Graphs

Let G = (V, E) be an undirected graph on n vertices. We know that G has at most (3) = O(n?)
edges. Furthermore, if G is connected, then it has at least n — 1 = Q(n) edges.

Definition 6. We say G is dense if it has close to O(n?) edges.
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Definition 7. We say G is sparse if it has close to O(n) edges.

For example, trees and cycles are sparse graphs, while complete graphs are dense. A bipartite

graph can be sparse or dense (e.g. a complete bipartite graph).

3.1.3 Adjacency List

Given a graph G = (V,E) on V ={1,...,n}.

Definition 8. Adjacency list: FEach i € V has an adjacency list N(i) consisting of its neighbors:
N@)=(eV:(i,j) €FE)

If G is undirected, then we have the following symmetry: j € N (i) < i € N(j). We can implement
an adjacency list as a linked list. This means we can check if (i,7) € E in O(n) time, and it
requires O(|E|) space to store, which is good for sparse graphs. It takes overall O(|E|) to store
because every edge (i,j) € E is only stored in i’s adjacency list and in j’s adjacency list. By
default, we will work with the adjacency list representation.

1 (26,7
2 (1,3,4,7)
3 (2.4)

4 (2,3,57)
5 (4,6,7)

6 (1,57

Figure 3: Adjacency list example from lecture.

3.1.4 Trade-offs Betwewn Adjacency Matrix and Adjacency List

To summarize, we can represent a graph G = (V, E) on n vertices with m edges with an adjacency
matrix or an adjacency list.

1. Adjacency matrix:
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e Requires O(n?) space
e Check (i,7) € E in O(1) time

2. Adjacency list:
e Requires O(m) space
e Check (i,7) € E in O(n) time
3.2 Explore Procedure

Let G = (V, E) be a graph. How can we explore all vertices reachable from a given vertex v € V7

We can follow the general algorithm below.

Algorithm 1 Explore(G,v)

1: function ExPLORE(G,v)

2 Input: G =(V,FE)is agraph;v eV
3 Output: visited(u) is set to True for all nodes u reachable from v
4 visited(u) < True

5: for each edge (u,v) € E do
6 if not visited(u) then
7 explore(u)

8 end if

9: end for

10: end function

Now we want to show the correctness of this algorithm.
Lemma 4. ezplore(G,v) reaches all w € V' that are connected to v.

Proof. Suppose, for the sake of contradiction, that there is a vertex u € V' that is connected to v
but that explore misses. Choose any path from v to u, and look at the last vertex on the path
explore actually visited. Call this vertex z. We know z must exist, otherwise, if explore visited
every vertex, then u would also be visited. Then let w be the vertex immediately after z on the
same path (see Figure 4 for an illustration). So, z was visited, but w was not. However, this is

Figure 4: Illustration of path from v to u in the proof.

a contradiction because while explore was at vertex z, it would have noticed w and moved on to
it. O
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3.3 Depth-First Search

The explore procedure finds all vertices in a graph reachable from a starting vertex (the connected

component containing that vertex). To examine the rest of the graph, we must restart the procedure

elsewhere, at a vertex that has not been visited. We repeat this until we have explored the entire
graph. The resulting algorithm is called Depth-First Search (DFS).

Algorithm 2 DFS(G)

1:
2
3
4
5:
6
7
8

9:
10:

function DFS(G)
for all v € V do
visited(u) < False
end for
for allv € V do
if not visited(v) then
explore(G,v)
end if
end for
end function

3.4 Running Time of Depth-First Search

To determine the running time of depth-first search, we consider the following.

e Every vertex v is explore’d exactly once.
e During each exploration of a vertex, DFS performs:

1. O(1) amount of work (to mark the vertex as visited)

2. A loop over the neighbors of the vertex
e Over all the vertices

1. Step 1 takes O(|V]) time.

2. Each edge {v,w} € FE is examined twice: during explore(v) and during explore(w).
So, Step 2 takes O(|E|) time.

e Therefore, DFS takes O(|V| + |E|) time. We also write this as O(n + m) where n = |V| and
m = |E|. We call this linear time. This is efficient, since it already takes O(n + m) time to
read the adjacency list.

This is the end of Lecture 4. The next lecture will continue with the applications of DFS and

introduce new concepts such as Breadth-First Search (BFS).
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