CPSC 365 / ECON 365: Algorithms January 25, 2022

Lecture 1

Lecturer: Andre Wibisono Scribe: John Lazarsfeld

1 Overview

This lecture gives an introduction to the course and begins reviewing some of the mathematical
preliminaries needed for the term. Specifically, these notes cover:

e a brief description of the course structure and logistics
e some motivation for the study of algorithms

e a short review of propositional logic

2 Course Structure

This class is an introduction to the design and analysis of algorithms. As stated in the Yale
Course Guide, this class introduces paradigms for algorithmic problem solving, including greedy
algorithms, divide and conquer, dynamic programming, and network flow. The class also covers
NP completeness and approximation algorithms for NP-complete problems, and it provides the
algorithmic background essential for the further study of comuter science.

The course this semester will have the following components:
(i) two 75-minute lectures per week

(ii) (optional) discussion sections every Friday (where you will have the chance to work through
additional practice problems with other students and ULAs).

(iii) office hours every day of the week
(iv) problem sets assigned roughly every 1-2 weeks
(v) two midterm exams

Full details on important course policies, a list of office hours and discussion times, and links
to the problem sets can be found on the course website: https://cpsc365.github.iol
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https://cpsc365.github.io

2.1 Tips for Succeeding in the Course

Much of the material in the course will require time and practice to fully grasp. To that end, here
are several suggested tips for doing well:

o Attend lectures: Lectures will recorded and posted online, but attending live lectures and
participating when possible is encouraged.

e Attend discussion sections: Although these sections are optional, they are a great oppor-
tunity to work on practice problems with other students and ULAs (and this will help you

on the problem sets and midterms).

e Start problem sets early: Some problems require time to solve. Read the problem set
questions when they are released, and read the solutions when they are posted.

e Form study groups: Discussing problems and concepts (while adhering to the collaboration
policy) with a small group of other students will help solidify your understanding of the
material.

e Don’t fall behind: Make sure to keep up with material each week. Many of the concepts
in the course build off of each other, and consisent time and practice are essential.

3 DMotivation for Studying Algorithms

We now turn to some motivation for the topics covered in this course. One natural first question
to ask is “what is an algorithm?” According to the Merriam-Webster Dictionary, an algorithm is
a finite sequence of well-defined instructions, typically used to solve a class of specific problems or
to perform a computation. In everyday life, you may encounter an algorithm when cooking (e.g.,
following a recipe for baking a pie) or when finding the quickest way to travel from one location to
another (e.g., using a navigation app). Algorithms are also prevalent in many natural systems: for
example, in the way slime mold networks grow, or the way DNA replicates.

Given their ubiquity in everyday life and nature, the purpose of this class is to develop some
formalism and techniques for designing and analyzing algorithms. We will view algorithms as
procedures to solve computational tasks, which are usually sequential and involve a repetition of
certain steps. We will study how to formulate problems as computational tasks, how to design
algorithms to solve these tasks, how to analyze the correctness and running time of our solutions,
and how to find more efficient solutions or understand the computational difficulty of a problem.

For this, a strong foundation in proofs and logic, discrete math (graphs, counting, basic prob-
ability), data structures, and asymptotics are necessary. In the following sections, we will review
some basics on logic, and in Lecture 2 we will review asymptotics and graphs. Note that the cov-
erage here is not intended to be comprehensive, and you should have learned these topics in the

prerequisite courses.
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4 Review on Logic

We start by recalling some standard pieces of notation that will be used throughout the course.

Notation - Sets:
1. N=1{1,2,3,...} the set of natural numbers.
2. Z={...,—-2,-1,0,1,2,...} the set of integers.
3. Zyp=40,1,2,...} = NU {0} set of non-negative integers.
4. Q={%:a,b € Z,b+# 0} set of rational numbers.
5. R set of real numbers.
6. Ry = (0,+00) set of positive real numbers.
7. Rg = [0, 4+00) = Ry U{0} set of non-negative real numbers.

Observe that
NCZycQCR

and
Ry CRyCR .

Notation - Operators:

1. V: for all

2. 3: there exists

3. = : not (negation)

4. U : union

5. M : intersection

6. € : element of

=
N

: subset (can be equal)
8. C: strict subset
9. > : summation

10. ] : product
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Propositional Logic: We now review some basics of propostional logic. A proposition is a
statement that is either True or False. for example, the following statements are all propositions:

e 1+1=2 (True)
e 7Z C R, (False)

e V2 Q (False)
e Vne N, n>3 ~(3x,y,z € Z: 2" +y" = 2") (True — this is Fermat’s Last Theorem)
However, the following two statements are not propositions:

e 2+ 2 (does not evaluate)

e 22+ 4x = 5 (truth value depends on what z is)
In addition, any propositions P, can be combined to form new propositions as follows:
e Negation (NOT): —-P
This is True when P is False.
e Disjunction (OR): PV Q
This is True when at least one of P and @ is True.
e Conjunction (AND): PAQ
This is true only when both P and @) are True.
e Implication (Implies, = ): P = @ (read as “if P, then Q)
This is False only when P is True and () is False.

When combining propositions P and @ to form new propositions, it can be helpful to construct
a Truth Table to better understand how the values of the resulting propositions relate to the
values of P and (). For example:

P Q || -P |PvQ|PAQ|P = Q

True | True || False | True True True
True | False || False | True False False
False | True || True | True False True

False | False || True | False False True

Note that in the right-most column, the implication P — (@ is a “promise” that if P
happens, then @ also happens. The promise is only broken (False) when P happens but @ does
not (i.e., in the second row of the table). If P does not happen (i.e. P is False), then the promise
is (vacuously) kept.

The following two propositions are equivalent to the implication P — Q:
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e ~() = —P (this is the contrapositive)
e -P V(@ (thisis equivalent to the definition of implication).

(This means for any P and @, all three propositions above always have the same truth value.)

However, the next two propositions are not equivalent to the implication P = Q:
e -P — —() (this is the converse of P — Q)
e () = P (this is the contrapositive of the converse)

Example: For a more tangible example, consider we are walking outside without an umbrella,
and define the propositions P and @ by:

P = ‘it is raining”
@ = “my clothes are wet” .

Suppose that the proposition P = @ is true (i.e., “if it is raining, then my clothes are wet”).
Then the following propositions have various truth values:

e -() = —P: “If my clothes are dry, then it is not raining.”
This is also True, since it is the contrapositive of P — Q).

(This also makes sense intuitively: If it were raining, then my clothes would have been wet;

therefore, if my clothes are dry, then it cannot be raining.)

e () = P: “If my clothes are wet, then it is raining.”

This is False in general, since your clothes could become wet even when it is not raining (e.g.
via a car driving through a puddle and splashing you).

e -P — —(@Q: “If it is not raining, then my clothes are not wet.”

This again can be False in general for the same reason as the previous proposition.

e =PV Q: “Either it is not raining, or my clothes are wet.”
This is True, by the truth table.

Alternatively: It is always True that either it is not raining, or it is raining; in the latter case,
my clothes are wet.

We also have the following equivalences using negation and the distributive law:
1. ~(=P)=P

2. 7(PVQ)=-PA-Q
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3. 2(PAQ)=-PV-Q
4. =(VzP(z)) = Jz—P(x)
5. =2(FzP(z)) = Jz—P(x)

In general we say that P is equivalent to @ (denote by P <= @) if both P — @ and
Q — P hold:
P Q=P =QNQ = P).

For example, let

P = “G is a bipartite graph”,
@ = “G has no cycles of odd length”.

In PS 1, you are asked to prove that P < Q.

In the next lecture we will review some important definitions and concepts related to asymptotics
and graphs. In the meantime, please review your notes on Discrete Math for a more comprehensive
treatment of the topics covered here.
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