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Abstract

For each prime p, the p-adic numbers Q,, are a distinct completion of the rational
numbers. We justify the significance of the p-adic absolute value, and use it to
construct the p-adic numbers. We look at some of their properties, and examine
the behaviour of power series over the p-adic numbers. We also construct the
smallest algebraically closed complete space containing Q.
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1 Introduction

1.1 Overview

For each prime number p, the p-adic numbers are an alternative to the real numbers.
While the p-adic numbers are distinct for distinct values of p, they all behave similarly.
We therefore examine the p-adic numbers in general, largely without giving thought to
the choice of p outside of concrete examples.

The p-adic numbers were proposed by Kurt Hensel in 1897. His aim was to bring the
techniques of power series expansions into number theory. In this report we will focus on
the analytic aspects of p-adic numbers.

We explore the p-adic absolute value in Section 2. This is an absolute value on the
rational numbers which exhibits some exotic properties in comparison to the usual abso-
lute value. A number is ‘small” with respect to the p-adic absolute value if it has a ‘large’
power of p as a factor. The most important property of the p-adic absolute value is that
it is non-archimedean. We go on to prove that the p-adic absolute values for each p are
the only alternative to the usual absolute value.

We then construct the p-adic numbers using a method analogous to the construction of
the real numbers. Like the real numbers, the p-adic numbers are a locally compact field
with characteristic zero, and are complete with respect to their absolute value. Properties
of the p-adic absolute value give rise to some profound differences, however, as the p-adic
numbers are totally disconnected.

In Section 4 we examine series of p-adic numbers. It is generally relatively simple to
determine if a series converges. We check that the power series expansion sine and cosine
functions still converge in the p-adic numbers.

The final section goes on to construct the p-adic equivalent of the complex numbers.
First we take algebraic closure of Q,, and then we take the completion of the algebraic
closure.

Proofs are cited whenever they come from other sources. In all cases these proofs
contain significantly more detail than found in the source material. Proofs of minor
theorems which are well known outside of the topic of p-adic numbers have been omitted
and instead cited from textbooks.

1.2 Real numbers

To understand the motivation behind p-adic numbers, we first briefly consider the
construction of the real numbers. Begin with the natural numbers N, and extend the
set to include the additive and multiplicative inverses, resulting in the field of rational
numbers Q.



Definition 1.2.1. A sequence (z,) in a metric space (X, d) is Cauchy if for any € > 0
there exists N such that d(x,,x,,) < € whenever n,m > N. A metric space (X,d) is
complete if every Cauchy sequence (x,) converges to a limit in « € X, meaning that for
every € > 0 there is an N such that d(x,,x) < € for all n > N.

In the case of the real numbers, d is the metric induced by the usual absolute value,
ie. d(z,y) = |xr —y|,, and we denote a metric space with this metric by (X,|-|_). We
use |- |, to denote the usual absolute value instead of | - | to avoid confusion later on.
By the above definition, Q is not a complete metric space.

Example 1.2.2. The partial sums of the alternating harmonic series 1 — % + % — }l 4
is a Cauchy sequence of rational numbers. It converges to to In2, which is irrational.

Definition 1.2.3. The completion of a metric space (X, d) is the (unique up to isometry)
complete metric space (X, d) containing X as a dense subspace.

To construct the completion of (Q, |- |, ), we construct the set of equivalence classes
of Cauchy sequences over Q, with (z,) ~ (y,) when lim,_, |z, — y,|,, = 0. For each
equivalence class, we may chose a representative of the class using its decimal expansion.

Example 1.2.4. The Cauchy sequence in Example 1.2.2 converges to In2 = 0.693147...,
and its equivalence class may be represented by the sequence

(0,0.6,0.69,0.693,0.6931,0.69314,0.693147, .. . ).

Note that because some numbers can have multiple decimal expansions (for example
1.000... = 0.999...), there may be more than one representative for each equivalence class.

This set of equivalence classes (and their representations) gives the real numbers.
Extending the definition of the absolute value to |[(z,)]|,, = [(|zn])], We obtain the
space (R, || ).

The construction of R as the completion of Q is highly influenced by the topological
properties of the metric induced by the absolute value, which defines the concept of ‘size’.
What happens if a different absolute value is used?



2 Absolute Values

2.1 General absolute values

We first look at absolute values in general, and the criteria for two absolute values to be
(meaningfully) different.

Definition 2.1.1. An absolute value on a field K is a function |- | : K — R, with the
following properties for all z,y € K:

(i) Non-negativity: |z| > 0.

(ii) Positive-definiteness: |z| = 0 if and only if z = 0.
(iii) Multiplicativity: |zy| = |z| |y|.
(iv) Triangle inequality: |z + y| < |z| + |y|.

A non-archimedean absolute value on K is an absolute value with a stronger form of the
triangle inequality:

(v) Ultrametric inequality: |z + y| < max {|z], |y|}.

Proposition 2.1.2. The following properties will be used without reference. For any
absolute value | - |:

(i) 11| =1, since |1] = |1- 1] = |1
(ii) If |2"| =1 for n € N then |z| = 1, since 1 = |2™| = |z|".

(ii) |z~ = |z| ™" since 1 = |z| |z~
(iv) |=1| =1, since |(=1)?| = |1| = 1.
(v) [=x| =[x, since |—x| = [=1] 2]

Theorem 2.1.3. Let |- |, and |- |, be absolute values on K. The following statements
are equivalent.

(1) |1, and|-|, induce the same topology on K.
(11) For all z € K, |z|, <1 if and only if |z|, < 1.
(111) For all x € K, |z|; <1 if and only if |x|, < 1.
(iv) There exists o > 0 such that |z|, = ||y for all x € K.

If these properties hold then we say |- |, and |- |, are equivalent.

Proof. Without loss of generality, we prove in each case that the property holding for
| - |, implies that it holds for | - |,.

(i—iil) Let z € K, with |z, < 1. Then [2"|, = |z|] — 0 as n — oo. Therefore
x™ — 0 with respect to |- |, . Since |- |; and |- |, induce the same topology,
z" — 0 with respect to | - |,. Then |2"], = |z|y, — 0, so |z], < 1.
(ii—iii) If |z], = 1 then |z|, £ 1, so |z|, > 1. We also have, [z71|, =1, so |7}, > 1.
Therefore |z|, = 1. We know from (ii) that |z|, < 1 implies |z|, < 1.
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(ili—iv) First note that for x,y € K, and for every € > 0, if |z — y|, < € then
[zl = |yl < |l —yl, <€ and
|3/|2 - \x|2 <o — 3/’2 <€
so [|z|, — |yls|,, < €. Hence |- |, is continuous.

If | - |, is trivial then (iii) shows |- |, is trivial, and so @ = 1. Assume |- |, is
non-trivial. Chose m € K such that |m|, # 0,1. From (iii) there is an a > 0
such that

Imly = [ml; -

Let € K with |z|; # 0, 1. There is some ¢ # 0 such that
]mﬁ = |zl

(t may be negative). Suppose that [m|, —1 and ¢ have the same sign. Then
for any rational § < with the same sign as t,

it < faly = Il <[], = mea], <1
Now by (iii),
‘max_b|2 <1 = |m%, < |xb‘2 — |m|2% <|z,.

Similarly |m|y > |x|, whenever ¢ > ¢ has the same sign as t. Now Q is dense

in R, so we can take the limits

Salls]

a_ st a

If instead [m|, —1 and ¢ have different signs, then we obtain the same relation
relation with all inequalities reversed. Since |- |, is continuous, the squeeze
theorem shows |z|, = |m|;, so

2|y = |mly" = [ml} = |z, .
(iv—i) For z,y € K,
(03

e —yl, <r <= |z —yl; <r &= |z —yl, <r

so the open ball By (v,r) = B, (z,r~%). Hence a set which is open with
respect to | - |, is open with respect to | - |, .

O

Proposition 2.1.4. The trivial absolute value is defined as |x| =0 if z =0, and other-
wise |x| = 1. The trivial absolute value is equivalent only to itself.

Proof. For any absolute value | - | and for any positive ¢, |z|° = 0 if and only if |z| = 0,
and |z|° = 1 if and only if || = 1 (by non-negativity). Hence if |- | is equivalent to the
trivial absolute value then |z| = 0 if and only if = 0, and |z| = 1 if and only if |z| =1,
so | - | is the trivial absolute value. O



Lemma 2.1.5. The absolute value | - | over K is non-archimedean if and only if |n| <1
for every integer n € K.

Proof. Suppose | - | is non-archimedean. We know |n| = |—n/, so without loss of generality
assume n > 0. If n =0 then |n| =0 < 1. Otherwise,

In| <max{|ln—1|,1} <max{|jn—2|,1,1} <--- <max{|1|,1,1,...1} = 1.

For the other direction, consider any x,y € K, and any natural N. Then

z+y|¥ = |(x+y)"]

(o
()|t

L+ (max {Jz], [y}

TTMZ

NE

b
Il
o

Mz

o

[e=]

= (N + 1) max {|z|, [y|}"

Hence |z +y| < VN + 1max{|z|,|y|}. Letting N — oo, ¥YN+1 — 1, giving the
ultrametric inequality. O]

Proposition 2.1.6. If an absolute value is non-archimedean then it is not equivalent to
any archimedean absolute value.

Proof. Let | -|, be a non-archimedean absolute value, and suppose that it is equivalent
to some |-|,. Now by Lemma 2.1.5, |n|, < 1 for every integer n. Then by Theorem
2.1.3, |n|, < 1 for every integer n, and so | - |, is also non-archimedean. ]

The following examples illustrate some properties of non-archimedean absolute values
which show their induced topologies differ wildly from that of the usual absolute value.
If p(z,y) = |x — y| is a metric induced by a non-archimedean absolute value, then

p(x,z) =z —y+y—z <max{|zr —y|, |y — 2|} = max {p(z,y),p(y, 2)} .

In general if (X, p) is a metric space and the above inequality holds for all x,y,z € X
then we call (X, p) an ultrametric space.

Example 2.1.7. Let (X, d) be an ultrametric space, z € X, and consider the open ball
B(z,r) ={y € X | d(z,y) <r}. Let y € B(z,r). Now for any z € X,
d(z,z) <r = d(y,z) < max{d(z,y),d(x,z)} <max{r,r} =r

dly,z) <r = d(z,z) < max{d(z,y),d(y,2)} < max{r,r} =r

so d(z,z) < r if and only if d(z,y) < r, and so B(z,r) = B(y,r). That is, every point
inside an open ball is the centre of that ball (and this property trivially extends to closed
balls).



Example 2.1.8. Let (X,d) be an ultrametric space and let x,y,z € X. Consider a
triangle defined by these points, with sides of length d(z,y), d(y, 2), and d(x, z). Without
loss of generality, suppose d(x,y) < d(y, z) < d(x, z). Then

d(y, z) < d(z,2) < max{d(z,y),d(y, 2)} = d(y, 2)
so we must have d(y, z) = d(x, z). Hence every triangle is isosceles.

Example 2.1.9. Let |- | be a non-archimedean absolute value on K, and suppose that
|z| > |y|. Then
|z +y| < max{|z|, |y} = |z|

and
2| = |z +y —y| <max{|z +y|,|yl}.

But |z] > |y|, so max{|z +y|,|y|} = |x + y|. We have now shown |z| < |z +y| < |z].
Thus
|z 4yl = |z| = max{|z|, [yl},

so the ultrametric inequality holds with equality.

Example 2.1.10. Let (x,) be a Cauchy sequence with respect to be a non-archimedean
absolute value |-|. Then for all € > 0 there is an N such that n,m > N implies
|z, — x| < €. Without loss of generality let |z,,| , < |, | - Now

|20 — Tm| < max {|zm], [zn|} = |2n]
and
|zn| = |Tn — T + 2| < max {|z, — T, |2m|} -
Hence either
(i) |xm| < |zp — zm| < €, so the sequence (x,) — 0, or
(ii) |zn| < |zm| < |za|, so the sequence (|z,|) is eventually stationary (becomes
constant after NV terms).

Theorem 2.1.11. Every archimedean absolute value on Q is equivalent to |- | .

Proof. [Gou97, Theorem 3.1.3] Let |-| be an archimedean absolute value. Then by
Theorem 2.1.3 and Lemma 2.1.5, there must be an integer = for which |z| > 1. Let b be

the least positive such integer. Letting oo = % > (0, we have
g

|b] = b°.
We know |-n| = |n| = |n| =|—n|,, and [0] = 0 =[0|__. Then for any positive integers
p and g,
P — —1 @ —« — e’ P “
2=l = bllal™ and bl bl = (ol lo].)" = |
q 4|
Therefore if we show that |n| = |n|2, for all positive n € Z then this will prove that | - |

is equivalent to | - | .



Begin by defining the constants

L U
b —1  |b|—1

1>C’—1—(1—%> > 0.

These will have significance later, but we define them here to show that they come
straight from |- |, and are independent of any choices made further on. Now for any
positive integer n, we may write n = ag + aib + ash® + -+ + aib®, with 0 < a; < b,

ar, # 0. Note that the value of k£ can be determined by k = U‘(’EZJ, (where | - | is the

C = 1

floor function) and that bF < n < b**!. Now since b is the least positive integer for which
|b| > 1, we have |a;] < 1. Then
In| = |ag + aib + asb® + - + akbk}
< lao| + farb] + Jazb?| + -+ + [axb"|
<THD+0 4 ™

S bka i b—ia
=0

ko ba
b — 1
= C(b*)
< Cn®

where C' and « are constant, and n is an arbitrary integer. Therefore if we take the
integer n®¥ for any N > 0 we obtain

InV| < CnV* = |n| < Vene,

Letting N — oo gives ¥/C' — 1 (from above) so that |n| < n®.
We saw earlier that b* < n < b¥*!, so

Y

b(k+1)a _ |bk+1‘ _ }n_{_bk—‘rl _n} < |7’L| + ‘bkz—l—l —-n

SO
‘TL‘ > b(k+1)a - ‘bk+1 o 7”L|
> b(kJrl)a o (bk+1 _ n)o‘
> b(k—l—l)a - (bk—l-l _ bk)o‘

_ b(k+1)a - b(k-l—l)a (1 o 1)

b
1\
— b(k+1)a 1-(1=2=
(-(-3))
_ C/ (bk+1)a
> C'n®.



As above, taking the integer n’¥ gives |n| > VC'n®. Since ¢’ < 1, we have that
V/C" — 1 from below as N — o0, so |n| > n®. We have now shown n® < |n| < n®, so
In| = n* = |n|, for every integer n. As shown previously this gives |x| = |z|2, for every
rational x, and so | - | is equivalent to | - | on Q. O

We have now shown that the absolute values which are equivalent to |- | _, and so
induce the same topology on Q, are precisely the archimedean absolute values. We now
explore a specific class of non-archimedean absolute values.

2.2 The p-adic absolute value

Definition 2.2.1. Let p be a prime number. For a non-zero integer n, its p-adic valuation
v,(n) is the unique natural number satisfying n = p*»™n/, where n’ € Z, and p { n’. For
a rational number x = ™, we define v,(x) = v,(n) — v,(m).

Proposition 2.2.2. The p-adic valuation v,(x) is well defined (does not depend on the
representation of x ).

[

Proof. Suppose © = { = 9, so that ad = bc. Since vy(ad) is the greatest power of p

dividing ad, where p is prime, we have
vp(a) + vp(d) = vp(ad) = vp(be) = vy(b) + vp(c)
and so vy(a) — v,(b) = v,y(c) — v,(d) = vp(x). O

Definition 2.2.3. Let p be a prime number. The p-adic absolute value of a rational
number z is \x|p =p @ if £ £ 0, and |0\1D — 0.

Proposition 2.2.4. The p-adic absolute value is a non-archimedean absolute value.

Proof. Non-negativity and positive-definiteness are clear from the definition. Since p is
prime, v,(zy) = v,(x) + v,(y) and so

()

jayl, = p~r@p W) = 2| |y| .

Finally, since z 4+ y = p*»®n, + p”P(y)ny has a factor of p™ir{vs(@).vp(¥)}

Up(x + y) > min{vp(x>’ Up(y)}a

and so the ultrametric inequality holds by the definition of | - | . ]

Intuitively, the p-adic absolute value measures a number’s size by its divisibility by the
prime p. For any integer z, |z[, < 1 if and only if p | x, so [ - [, is not equivalent to |- |,
for distinct primes p and ¢. We now look at the most important theorem in this section.
Theorem 2.2.5 (Ostrowski). Every non-trivial absolute value on Q is equivalent to

(i) The (usual) real absolute value |- |, or

(ii) The p-adic absolute value | - |, for some prime p.



Proof.  [Gou97, Theorem 3.1.3] Let |-| be a non-trivial absolute value. If |-| is an
archimedean absolute value then by Theorem 2.1.11 we are done. Suppose |- | is non-
archimedean.

For every integer n, |n| < 1 by Lemma 2.1.5. Suppose |n| = 1 for every non-zero n.
Then for any rational ¢ # 0, we have |%| = |qf b]™" = 1. But |-| is non-trivial, and so
since |n| = |—n|, there is at least one positive integer satisfying |n| < 1. Let p be the
least positive such integer. Suppose p is composite, i.e. p = ab for integers 1 < a,b < p.
Then |a| = |b] = 1 by the definition of p, so |p| = |a||b] = 1, violating the choice of p.

Therefore p is prime. We will show that | - | is in fact equivalent to |- | .
Define o« = %ﬁf" so that |[p|* = p7'. Then a > 0, since |p| < 1. Following the
reasoning in the proof of Theorem 2.1.11, it suffices to show that |n| = |n|} for all

integers n. Write n = p*(™n/, where p { n’. Therefore we can also write n' = gp + r for
integers ¢, r, with 0 < r < p. Then

n'| <1sincen €Z

|

Ip| < 1 by choice of p
|r| = 1 by choice of p
lq| <1 since ¢ € Z.

Now |gp| = |q| |p| <1, and so
L= [r[ = |n" = pq| < max{[n'],|gp[} <1.
We know |gp| < 1 so it must be that |n'| = 1. Finally, we have

|n|oc — ‘pvp(n)n/‘a

_ ‘p|vp(n)a |n/|a

= (|p|*)™™

_ (pfl)vp(n)
= |n|,.

Hence | - | is equivalent to | - | O
We now know that, up to equivalence, the absolute values on Q are precisely the trivial
absolute value, the real absolute value, and p-adic absolute value for each prime p. Each

induces a distinct topology. In the next section we will construct the p-adic numbers for
each p, which are the only non-trivial alternatives to the real numbers.
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3 The p-adic Numbers

3.1 Incompleteness of

The real numbers are constructed by taking the completion of the rational numbers with
the metric induced by the absolute value |- | . We follow the same procedure with the
p-adic metric.

We first see that, like with | - |__, the field Q is not complete with respect to any of the
p-adic absolute values.

Lemma 3.1.1. Suppose X? = m (mod p), where p # 2 and p + m, has a solution
ai. Then there is a sequence of solutions (a,) of X?> = m (mod p") which is coherent,
meaning a,+1 = a, (mod p").

Proof. We use induction on n. The base case of n = 1 is given. Let by = a;. Now suppose
that

ap =bo+bip" + -+ berp*!

ap = ap—y  (mod p" ')
a2 =m (mod p¥)
for k =2,...,n, with coefficients 0 < b; < p. Now define
(pt1 = Qp + bnpn-

We will find a suitable b, which gives a2 ; = m (mod p"™'). We have

az = a: + 2a,b,p" + b2p*"

= a2 + 2a,b,p" (mod p"*t)
=a’ +2(bo+bip' + -+ bp_1p" ) bup” (mod p™*™1)
=m+rp" + 2byb,p" (mod p™*1)
for some r. Therefore we need b, to satisfy
rp™ + 2bob,p™ =0 (mod p"),  or

T+ 2bob, =0 (mod p).

Since p is prime, and by Z 0 (mod p), there is a solution with 0 < b, < p. Hence by
induction there is a sequence of solutions, and from the definition of a,.; above, the
sequence is clearly coherent. O]

Lemma 3.1.2. A sequence of rational numbers (x,) is Cauchy with respect to a non-
archimedean absolute value if and only if im0 [Tns1 — 2n[, = 0.

Proof. The forward direction is clear from the definition of a Cauchy sequence. Suppose
limy, o0 [Tni1 — o = 0. Without loss of generality suppose m > n. Then

|In - l‘m|p - |xn — Tp+1 + Tp+1 — ° — Tp—1 + Tm—1 — $m|p

S maX{|xn - xn+1|p P |ZL'm_1 - $m|p} — 0

so (x,) is Cauchy. O

11



Lemma 3.1.3. The function f(x) = 2" on Q is continuous with respect to | - | .

Proof. Let x € Q, and suppose ¢ > 0. Chose § = min{e |x|;(”_1) |z[,}. Now for any
zo=1x+h€Q,if [ro — z[, = [h], <7, then

50

P
{(2)-
< [, max {‘m”_khk_l‘p}
{

-k k—1
2l gy}

— |1, Je? (since [A], < |z],)

y

<elal, " Jalp !

= €

so f is continuous. O

Let p # 2 be prime, and let m = 1 + p?. Clearly m is not a square number, since if
n? = m then (n — p)(n + p) = 1. However we know X? = m (mod p) has a solution. Let
a; be any such solution. By Lemma 3.1.1, there is a sequence of solutions (a,,) such that
2

a, =m (mod p") and a,4 1 =a, (mod p").

By Lemma 3.1.2, this sequence is Cauchy with respect to | - |, since

lim [an41 — ayl, = lim [Ap"[, (for some integer \)
n—oo n—o0

< lim p™ =0.

T n—oo

We also have a2 — m as n — oo, since

lim |a2 —m| = lim |up"| (for some integer p)
n—00 p n—o0 p

< lim p™ = 0.

n—oo

If (a,) converges to some rational number a then by Lemma 3.1.3, > — a®. But then
m = a?, contradicting the fact that m is a non-square integer. Hence (a,) does not

converge in Q, and so (Q, | - |p) is not complete for each prime p # 2.

Now consider the case p = 2. We will construct a coherent sequence of solutions (a,,)
to X3 =3 (mod 2), with a3 =3 (mod 2"). Tt is clear that a; = 1 and ay = 1 + 2 satisfy
these conditions. Now assume a2 = 3 +r2" = 3 (mod 2") for some r, and write

(pt1 = Qp + bn2n

12



for some b,,. Then we require

al . = al + 3a2b,2" + 3a,b22°" + b3 2°"
= (3+72") + 3a2b,2" (mod 2"*1).

Therefore we need b, to satisfy

72" + 3a2b,2" = 0 (mod 2"*1)
r+3a2b, =0 (mod 2)
a’b, =r (mod 2).

We had @ =1 (mod 2), so a, # 0 (mod 2). Thus b, = r (mod 2). This process gives
a3 =14+2+0,a3=14+24+0+8,a5 =142+ 0+ 8+ 16 and so on. The coherence
condition makes this sequence Cauchy in the same way as the p # 2 case. We also get
a2 — 3, since

lim |a) — 3| = lim |pp”| < lim p~" =0. (for some integer 1)
n—o00 p n—00 p n—o0

Now if (a,) converges to a € Q, then a®> = 3 by Lemma 3.1.3. But V/3 ¢ Q, a contradic-
tion. Therefore (a,) does not converge, and so (Q, | - |,) is not complete.

Hence Q is not complete with respect to any p-adic absolute value, just as it is not
complete with respect to |- | .

3.2 Construction

We will now construct the completion of the rational numbers with respect to the
p-adic absolute value. We examine the set of all Cauchy sequences on Q, denoted

C = {(xs) | (zn) is Cauchy with respect to |- |, }.

Note that in the following construction, the only property of |- [, that we use is that it
is non-archimedean on Q.

Proposition 3.2.1. C is a commutative ring with unity, with operations
(@n) + (Yn) = (20 + yn)

(Tn) - (Yn) = (TnYn)-

Proof. The usual properties of associativity, commutativity, and additive identity and
inverses follows from the definitions of the operations; the multiplicative identity element
is the sequence (1). We show that C is closed under these operations.

Let (z,) and (y,) be Cauchy. Then by Lemma 3.1.2, we have |z,11 — z,]
|Ynt1 — yn\p — 0 asn — oco. Now

p—>0,

’xn+l + Yn+1 — Tp — yn’p § max {|wn+l - xn‘p ) ‘ynJrl - yn‘p}

—0asn— o
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so (&, + ) is Cauchy.
Recall from Example 2.1.10 that since (z,,) and (y,) are Cauchy, they either converge
to 0 or are eventually stationary. Therefore (z,,) and (y,) are bounded. Now

|xn+lyn+1 - CCnyn|p = |xn+1yn+1 — TnYn+1 T TnlYnt1 — xnyn|p

< max {|yn+1|p |.Tn+1 - In|p ) |$n|p |yn+1 - yn|p}

—0asn— o0

by boundedness and Lemma 3.1.2. Hence (z,y,) is Cauchy. [

Lemma 3.2.2. Let (z,,) be a Cauchy sequence with respect to an absolute value | - |, and
suppose (x,) does not converge to 0. Then there exists N € Nyv > 0 such that |x,| > v
for alln > N.

Proof. Since (z,) does not converge to 0, there is an € > 0 such that for every k there is
an ng > k with [z,,| > €. Let v = 5. Then since (z,) is Cauchy, there is an IV such that
|z, — x| < v whenever n,m > N. Choose k = N. We now have a fixed ng > N such
that

|2, | > € = 20,

and for every m > N,
|Tny — Tm| < 0.

The triangle inequality gives |x,,| < |Zn, — Tm| + |2m|. Hence
|Zm| 2 [Zng| = |Tne — T

> 20— v

=v
as required. 0
The map = — (z,z,z,...) from Q into C preserves multiplication and addition, and
so is an isomorphism of rings. Like in the construction of R, we need to establish when

members of C are equivalent. We do so using the set of sequences over QQ which converge
to zero. Define

Co={(x,) €C: nh_{go 2], = 0}
Proposition 3.2.3. Cy is a mazximal ideal of C.
Proof. [Gou97, 3.2.8] Let (x,) € Cy and (r,,) € C. Then (x,,) - (rn) = (zpry), so
Ji b, = J =0
since x,, — 0 and (r,,) is bounded (as shown in the proof of Proposition 3.2.1). Therefore
() - (rn) € Cp, and since C is commutative, Cy is an ideal.

Let I be an ideal strictly containing Cy. Suppose (x,) € I — Cy. Then by Lemma
3.2.2, there is N € N, and v > 0 such that [z,,[, > v for all m > N.

14



Let y, = 1/z, if n > N, and y,, = 0 if n < N. By Lemma 3.1.2, the sequence (y,) is
Cauchy, since for n > N,

1 1

Ynt1 — yn‘p = x—+1 T
n n

. |xn+1 - xn|p |In+1 - xn|p

B |xn|p|xn+1|p N U2

— 0.

p

Therefore (y,) € C. We have (z,,) - (y,) = (0,0,...,0,1,1,1,...). Now since I is an ideal,
() - (yn) € 1. The sequence (1,1,1,...) — (z,) - (y,) will clearly converge to zero, so it
is in Cy, and thus it is in /. But ideals are closed under addition, so the identity sequence
is in /. Hence I = C. Therefore Cy is the largest nontrivial containing itself, and so is
maximal. [

Proposition 3.2.4. Since Cy is a mazximal ideal of the ring C, the quotient ring C/Cy is
a field.

Proof. See [Gall3, Theorem 14.4]. O

Definition 3.2.5. The field of p-adic numbers is the quotient ring Q, = C/Cy.

Note that by the definition of a quotient ring, x,y € C are the same element in Q, if
and only if x —y € Cy. Therefore we may think of Q, as the set of equivalence classes
of Cauchy sequences over QQ, with the equivalence relation (z,) ~ (y,) if and only if
limy, o0 |Tn — Yn , = 0. Addition and multiplication of p-adic numbers is done using the
operations defined in Proposition 3.2.1 (on the class representatives).

Definition 3.2.6. The p-adic absolute value of a p-adic number x = [(z,,)] is

Proposition 3.2.7. The p-adic absolute value is a well-defined non-archimedean absolute
value on Q.

Proof. Let x = [(za)],y = [(yn)] € Qp-
Suppose (y,) € [(z,)]. Then

Jimn ol < s (J = gl + ol ) =0+ Jin o,
And (z,) € [(yn)], 50 limyseo [Ynl, < limy oo [zn],. Hence [[(z,)]], = [[(¥x)]],, and so

| - |p is well-defined on @Q,. Non-negativity and positive-definiteness carry over directly
from [ [, on Q. By the multiplicativity of |- | on @, and Proposition 3.2.1,

|2 - yl, = l[znynll, = T [z.], [ynl,
= (hm |2, | p) (lim U | p) (since the limits exist and are real)
n—oo

n—oo

= ‘x’p ’y‘p :
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The ultrametric inequality holds similarly:
2+ yl, = [l + vall, < Tim max {|zal, , lval, |
= max{ Jim [z, i o, )
= max {[al,,. Iyl, }

Hence | - |, is a non-archimedean absolute value on Q,. ]

3.3 Representation of p-adic numbers

We have seen that Q, is the set of equivalence classes of Cauchy sequences. We now find
an intuitive representative of each class which will behave similarly to real numbers.

Lemma 3.3.1. If x € Q with |z[, < 1 then for every natural i > 1 there is a € Z,
0 <a<p', such that |a — x|, < p'.

Proof.  [Kob77, p. 12] Let = { be expressed in lowest terms. Because |z], < 1, no

power of p divides b, so b and p’ are coprime. Then mb + np’ = 1 for some m,n € Z.
Now let o = am + dp*, choosing d € Z so that 0 < a < p’. We have

la— x|, < maX{|am —zl,, |dpi‘p} = max {|am —xl,, |d|pp_z} :

and
a a
lam — x|, = ’am—gp: Ep]mb—l\p
<|mb—1|,= }np’|p = In|,p™".
Since d and n are integers, we know |d|,,|n|, < 1. Hence |a — x|, <p~". O

Theorem 3.3.2. Every equivalence class a € Q, with |a\p < 1 has precisely one repre-
sentative Cauchy sequence (a;) such that fori=1,2,3,...

(1) 0 <a; <p', and
(ii) a; = ;11 (mod p')

Proof. Let (a}) satisfy the same conditions as (a;) and suppose there exists k : ax # aj.
The first condition shows that ay # aj, (mod p*). Now if i > k, then by (2) we see that
a; = aj, (mod p*) and @) = @, (mod p*), so a; # a. (mod p*). Then |a; — a;l, > p* for
every i > k, so (a;) and (a}) are not equivalent sequences. Thus the choice of representa-
tive satisfying (i) and (ii) is unique.

Let (b;) be a sequence in the class a. Since (b;) is Cauchy, for every k € N there is
an N (k) such that |b; — b;|, < p~* for all 4,5 > N(k). N(k) just needs to be sufficiently
large, so choose N (k) so that it is strictly increasing with respect to k and N (k) > k. If
i > N(1) then for any j > N(1),

1
oy < max {ol - b, } < max{ Pyl
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and since [b;[, — lal, <1 as j — oo, [bi], < 1.
We may now construct the sequence (a;). Lemma 3.3.1 shows that for each i there is
an a; with 0 < a; < p*, and ‘ai — by ‘p < p~*. Furthermore

i1 — Clz'|p = |ai+1 — bn(it1) + bn@v1) — On) — @i + b ‘p

< max { |ai+1 — by (i+1) ’p ; |bN(i+1) — bN(i)|p> ‘@i — by ‘p}

~ pp )

< max {p
= p_l
0 a;41 = a; (mod p'), meaning (a;) satisfies conditions (1) and (2). It remains to show
that (a;) is equivalent to (b;). For any fixed j, let ¢ > N(j). Now
lai = bil, = [ai — a; + a; = by = bi + b,
< max {Iaz' = a5, a; = by, » b = bN(j>|p}
<max{p~7,p7,p7}
fry pij

so |a; — bi|, — 0 as i — oo. Hence (a;) is a representative of a. O

The above theorem gives a method of representing any p-adic number. Consider
z € Qp. If [z], <1 then let m = 0; otherwise define m by |z|, = p™ (m will be positive).
Then |zp™|, = p™p~™ = 1. Now there is a sequence (a;) associated with a = zp™ given
by the theorem. This also gives a sequence for x, namely (a;p~™). Because 0 < a; < p',

each term may be broken down as
a; = Do+ bip + bop” + -+ + bp
and since a; = a;1; (mod p'), the next term will be
i1 = bo 4 bip + bap® + -+ b1 p’ " + by’

for some b;, with the other coefficients remaining the same. Then this sequence is a
sequence of partial sums, and a represents the equivalence class of Cauchy sequences
converging to the same value as the sequence of partial sums. We write

a = by + bip + bop® + bsp® + - --
.I:bop_m+b1p—m+1...+bm_1p—1+bm+bm+1p+bm+2p2+.” ‘

[e o]
1=—m?

Renaming coefficients, we have a sequence of coefficients (z;) where each coefficient

has 0 < z; < p and

x = Z Tp' =2 " A p ™ p T g Fap wp®
We call this sum the p-adic expansion of x. This can be thought of as as a number
written in base p, i.e. © = ...Tx120.2_12_5...T_,,. Contrary to real numbers, p-adic
numbers may extend infinitely to the left of the decimal point, but only finitely to the
right. Furthermore, the p-adic expansion is unique, whereas real numbers may have more
than one expansion (e.g. 1.000... = 0.999...).

17



The p-adic expansion allows multiplication and addition to be performed in the usual
way, with the rules for carrying digits being identical to that of arithmetic in base p.
Notably, the p-adic expansion of a negative rational number given by the process above
does not use any negative coefficients. If £ > 0 is rational then the expansion of —z is
required to satisfy |z + (—x)|, = 0.

Example 3.3.3. The p-adic expansion of —1is Y = (p — 1)p’, since

o0 oo o0
L4y p-1p| =[1+) ™=
i=0 p 1=0 1=0 D
-3
i=0 =0 |p

=0.

The p-adic expansion of a positive integer terminates (contains finitely many terms),
while the expansion of a negative integer or non-integer does not terminate.

Proposition 3.3.4. The p-adic expansion of a p-adic number repeats after a certain
number of digits if and only if it is a rational number (like the decimal expansion).

Proof. [Kob77,p. 19] Clearly the series 1+p*+p?*+p3 ... 'k € N has a Cauchy sequence
of partial sums, and so it converges with respect to | - | b Analogously to infinite geometric
series in R, we may write

s=14p"+p? 4 pP. ..

s—ka:l

If z is an integer with 0 < z < p* then we may write x = zo + 21p + - - - + 2,_1p* 1, s0

[ = (o +mp+ -+ e 1p" ) + (zop” + 2p" ™)+
which still repeats. Now consider any rational number % We may add an integer z and
multiply by p" for some r € Z to obtain another rational § between —1 and 0, such that
b>0and p{b. Then p is a unit modulo b, so there is a & > 0 such that p* =1 (mod b).
Thus p* — 1 = bc for some integer c. Now

a_—ac_ —ac
b —be 1—pk

and —b < a < 0s00 < —ac < p*— 1, so from above we know that 7 repeats. Hence §

also repeats, as z has a finite expansion, and multiplication by p” just shifts the decimal
point.
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Now suppose z is a p-adic number which repeats after a certain number of digits. We
may add or subtract a number with a finite expansion to obtain a p-adic number y with a
purely period r expansion, for some r > 1. Write y = > 7, a,p" where a_j, # 0. Then

y—py=app "+ .. +ap L
The right side of this equation is the expansion of some positive rational number z, and

we have
z

= l_pr

Y

Hence y is rational, and so x is also rational.

3.4 Comparison with R

We now look at some similarities between QQ, and R.

Definition 3.4.1. A neighbourhood of a point z in a topological space X is a subset
V' C X containing an open set U which contains z, i.e. z € U C V.

Definition 3.4.2. A topological space X is compact if every open covering of X has a
finite subcover. That is, for every collection of open sets {U, }sea such that X C (J,c4 Uas

there is a finite subset I C A such that X C (J,c; U;. A topological space X is locally

compact if every point in X has a compact neighbourhood.

Theorem 3.4.3. In a metric space, a set X is compact if and only if it is complete and
totally bounded (there is a finite covering of X by balls of radius € for all e > 0).

Proof. See [APF90, Theorem 5.3.7]. O

In the real numbers, the compact subsets of R are precisely those which are closed and
bounded [ST07, 5.3]. The real numbers are locally compact, since for any = € R, the
interval [x — 1,z + 1] is a neighbourhood of z and is compact.

Definition 3.4.4. The p-adic integers are Z, = {x € Q, : |z|, < 1}. The p-adic units
are Zy = {z € Q, : |z|, = 1}.

Proposition 3.4.5. Z, is compact.

Proof.  [Gou97, p. 64] Since Q, is complete and Z, C Q, is closed, Z, is complete. Let
e > 0. Then there is an n > 0 such that p~™ <e. Now let A = {0,1,...,p" — 1}. Clearly
Zy, = A+ p"Z,. For each a € A,

a+p'ly={a+p'r:v€ly={y€Zy:ly—al,<p™"}

so a + p"Z, is the closed ball B.(a,p™"). Therefore Z, is covered by the (finitely many)
closed balls a + p"Z,. Hence by Theorem 3.4.3, Z, is compact. O

Proposition 3.4.6. Q, s locally compact.

19



Proof. [Gou97, p. 64] Clearly Z, is a neighbourhood of 0, and is compact by Proposition
3.4.5. Now for any a € Q,, define a map m, : * — a + x. Then m,(z) —m,(y) =2 —y,
so m, is a continuous map from Z, to Q,. Now m,(Z,) is a neighbourhood of a, and
is compact since it will preserve the covering of Z,. Hence every a € QQ, has a compact
neighbourhood, so Q, is locally compact. O

Definition 3.4.7. The characteristic of a field, char K, is the least positive n such that
1-n=0in K (where 1 is the multiplicative identity), or 0 if no such n exists.

Theorem 3.4.8. Let K be a non-discrete topological field. Then the following are equiv-
alent:

(i) K is a locally bounded, complete field and for every closed subfield F of K,
G(F) is finite.

(i) K is a locally compact field of characteristic zero.

(i1i) K is a finite extension of R or of Q, for some prime p.

Proof. The proof is beyond the scope of this report, and can be found in [Wie72]. ]

We have already seen some examples of topological differences which are the result of
|| , being non-archimedean. The following is a fundamental difference between Q, and
R.

Definition 3.4.9. A set S is disconnected if there are open sets Uy, Uy € S such that
(i) UhnUy =10,
(ii)) S=(SNU;)U(SNUs,), and
(iii) SNU; and SN U, are nonempty.
A set which is not disconnected is connected. If X is a topological space and every subset
of X containing more than one element is disconnected, then X is totally disconnected.
In R, the connected sets are the intervals.

Proposition 3.4.10. The p-adic numbers are totally disconnected.

Proof. Suppose S C Qp, z,y € S and x # y. Then r = |z — y|p > 0. Let U; be the open
ball B(z,r/2). Clearly U; is open. Now let n be the greatest integer such that p=" < r/2.
Then

"
Ulz{ze(@p:|x—z\p<§}:{z€(@p:\x—z|p§p*”},

so Uj is also a closed ball, and so is closed. Therefore Uy = Q,\U; is an open set. Clearly
U, and U, satisfy the conditions in Definition 3.4.9, and so S is disconnected. n
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4 Power Series

4.1 Series convergence

Proposition 4.1.1. A series > >~ a, over Q, (i.e. a, € Q,) converges if and only if
a, — 0.

Proof. The series converges if and only if the sequence of partial sums converges. By the
completeness of QQ,, this is equivalent to the partial sums being Cauchy. Now by Lemma
3.1.2,

k+1 k
Y an =Y an| =0 <> |agal, 0. O
n=0 n=0 D

Corollary 4.1.2. A series ) a, over Q, converges if and only if |a,|, — 0.

Proof. |ag|, <€ <= ‘]an]p < e O

Proposition 4.1.3. If a series Y - a, over the p-adic numbers converges then the
ultrametric inequality holds for the infinite sum, i.e.

o)
>_an
n=0

Proof. The sequence of partial sums is Cauchy. Recall from Example 2.1.10 that this
means that either the sum is 0 or the absolute value of the partial sums becomes constant
after some finite number of terms.

If Y a, = 0 then the inequality is trivial. Otherwise, the partial sums become sta-
tionary after Ny terms for some Ny. Since a,, — 0, there is an N; such that |an|p < lan, |p
for all n > Nj. Let N = max {Ny, N;}. Now

00 N
D = |2
n=0 n=0

Definition 4.1.4. A series ) 7 a, converges absolutely if ) ;|a,|, converges (in R).

< mgx]an]p.
p

_Ogglanlp Jax |anl, O

p

p

Proposition 4.1.5. If Y~  a, converges absolutely then it converges.

Proof. The sequence of partial sums of (|a,[,) converges, so it is Cauchy. Then for all
€ > 0, there is an Ny such that

N M
NM>Ny = D laal, = > laal,| <e
n=0 n=0 00

: : N
Without loss of generality assume N > M. Then we have >, ., |a,[, < e. Now by
the triangle inequality,

N N
S| <3 <o
n=M n=M

so the partial sums of Y >° @, form a Cauchy sequence. Hence the sum converges in

Qp. O

p
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The results above show that the conditions for convergence of a series in the p-adic
numbers are much simpler than in the real numbers. In particular, there can be no p-adic
equivalent of the harmonic series, i.e. a series with terms diminishing in size which does
not converge.

4.2 Power series

Recall that
limsupx, = lim (Sup xm) .

n n—oo m>n

If lim sup,, x,, = = then z,, must get arbitrarily close to x infinitely often.

Theorem 4.2.1. Consider the series f(X) = > """ ,a,X". Define the radius of conver-

gence of f(X) as
1

limsup ¢ ]an]p'
(i) If imsup {/|a,|, — oo then p =0 and f(x) converges only if x = 0.

(i1) Iflimsup {/|an|, — 0 then p = oo and f(z) converges for all x € Q,.

(iit) If 0 < p < oo and limy, o0 |anl, p* = 0 then f(z) converges precisely on the
closed ball B.(0, p).

() If 0 < p < 00 and limy, e |an|, p* # 0 then f(x) converges precisely on the
open ball B(0, p).

Proof. Clearly f(x) always converges at x = 0.
If |z[, < p then there is an r < 1 such that [z|, < pr. Now

|an r,”/|an|p
y"l =9 |an|p |x|p =T
hmsup ,’“/|ak \/|an

=Y yr <> o2 r"™ — 0, and so by Proposition 4.1.5, f(x) con-

Thus > 7 |la,z™
verges.

If |z|, = p then by Corollary 4.1.2, f(x) converges if and only if |a,2"|, — 0, or
equivalently if |a,[, p" — 0.

If [z|, > p then there is an € > 0 such that p 4+ ¢ < [z|,. Now by the definition of
lim sup, there are arbitrarily large n such that

b

1
<p-+e
n\/ ‘an‘p
Then
|z
Vanl 1T
< flaa, la,
Hence 1 < |a,2"|, for arbitrarily large n, and so |a,2"|, does not converge to 0. Therefore
by Corollary 4.1.2, f(x) does not converge. O
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The p-adic power series for the logarithm and exponential functions are explored in
[Gou97, p. 112]. We follow a similar method to obtain power series for the sine and
cosine functions.

Lemma 4.2.2. For any natural n,

| n n
vp(nl!) = — | <
P ,; Lﬁ’fJ p—1
where | - | is the floor function.

Proof. We know n! is the product of factors 1,2,...,n. Clearly || of these factors is
divisible by p. Moreover [[%j of the factors are divisible by p*. Therefore

vp(nl) = i L%J .

k=1 p

n

There is certainly some N such that | % | = 0 when & > N. Hence, using the formula for

infinite geometric series in R,

NED DI E D DA S SR :

k=1

bS]

Lemma 4.2.3. Letn € N. Then

pt—1
|
Up(p ) p— 1
Proof. By Lemma 4.2.2
o | 2" - . -1
w7 = 3 || = 1 1 e L = B
ey LP p—=
by the formula for finite geometric series in R. m
Corollary 4.2.4. The p-adic valuation
pr-1
"+ D) = :
"+ 1) = 5=
Proof.
up((P" + D) = v, (") + 0, (" +1) = p—1 + 0. u

Proposition 4.2.5. Let s(X) be the series

s(X) =) = !XQ"“.

— (2n+1)
Then s(z) converges precisely when x is in the open ball B(O,pl/(l_p)).
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Proof. We may write s(X) =Y~ a, X" where

L oifn=4dk+1
a, =4 =L ifn=4k+3.

0 otherwise

Then by Lemma 4.2.2,
— pUP(n') < ppfl

1

la,|, < '—
|

p nl|,

S0 )
limsup {/|anl|, < prT.

Thus by Theorem 4.2.1, the radius of convergence is p > p~Y®=1.  Now suppose
|z], = p~ Y=V 50 that v,(x) =1/(p — 1).

If p # 2 then clearly there are infinitely many n such that n = p™ for some integer
m. This means a,, # 0 since p™ is odd. Now by Lemma 4.2.2

™"
ny __
oy(ana”) = vp(—pm!)

= p"'vp(z) — v,p(p™")

Otherwise if p = 2 then there are infinitely many n such that n = p™ + 1, and since
p™ 4+ 1 is odd, a, # 0. Therefore by Lemma 4.2.2 and Corollary 4.2.4,

p"+1
vp(anz™) = v, (I )

Thus for every prime p, |a,z"| p > p~ VP~ for infinitely many n, so a,z” does not
converge to 0. Hence by Proposition 4.1.1, s(z) does not converge. Therefore the radius

of convergence must be exactly p = p~%/®~Y and s(x) converges precisely when x is in
the open ball B(0, p). O

Corollary 4.2.6. Let ¢(X) be the series

- —1)" 2n
o(X)=>_ <(2n§!X .

n=0

Then c(x) converges precisely when x is in the open ball B(O,p‘l/(p_l)).
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Proof. We may write s(X) =Y~ a, X" where

% if n =4k

a, = ;—,1 ifn=4k+2.

0 otherwise

The proof is now the same as for Proposition 4.2.5, reversing the cases for p # 2 and

p = 2 so that n is always chosen to be even.

]

We may now define the functions sin(z) = s(z) and cos(z) = ¢(z) on the p-adic numbers

inside the open ball B (O, p~V/ (pfl)), using the usual power series expansion.
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5 Extending to C,

5.1 Algebraic closure

We have seen that @, is an alternative to R (as a completion of Q). After constructing
R, the next step is to find its algebraic closure C. We now do the equivalent for the p-adic
numbers by finding the smallest complete algebraically closed field containing Q,.

Proposition 5.1.1. Q, is not algebraically closed.

Proof. First assume p # 2. Consider the function f : Z/pZ — Z/pZ, with f(n) = n?
(mod p). Since f(0) =0, f(1) =1, and f(p—1) = p* —2p+ 1 =1 (mod p), by the
pigeonhole principle there must be an m such that 0 < m < p and f(n) Z m (mod p) for
every n. Then m has no square root modulo p. Now if z € , then it has some expansion

S0 wnp"™ with z_y, # 0. If & > 0 then, since m is an integer, the expansion of 22 —m

has a (non-zero) term (x_pp~*)2, so
’xQ — m|p = |:132_kp_2k +--- ‘p = p*.
If & < 0 then we clearly have |2* —m|, = [-m|, = 1. If k = 0 then 2% —m = a5 —m
(mod p). We know z2 # m (mod p), so
|x2—m‘p: ‘x%—m%—---}pz 1.
Thus m has no square root in Q,, so Q, is not algebraically closed.
Now consider the case p = 2. We show that the polynomial X2 + X + 1 has no roots.

Clearly the congruence X? + X +1 =0 (mod 2) has no solutions. Let z € Qo, with the
expansion Y, x,2", with z_j, # 0. If k¥ > 0 then, just as above, we have

|x2 +a+ 1‘2 = ‘x%kQ’% + e }2 = 2%,
If k <0 then |2® + 2 + 1|, = |1|, = 1. If k = 0, then, noting 23 + zo + 1 #Z 0 (mod 2),

‘x2+x+1|2: }(xo—|—2x1+~--)2—|—:U0+23:1—|—---+1|2
=|ad+zo+ 1+,
=1.
So X? + X + 1 has no roots in Q,. Hence Q, is not algebraically closed. O]
Definition 5.1.2. Let f(X) = @, X" + -+ 4+ a1x + ao be a polynomial in Q,[z]. Define

|f|p = 01’2'%}; |ai|p :

Lemma 5.1.3 (Hensel). Let f(x) be a polynomial over Z, with decomposition
f(z) = go(x)ho(x)  (mod p),

where go, ho € Zy|z] are coprime modulo p and gy is monic. Then there are polynomials
g(x) = go(z) (mod p) and h(x) = ho(z) (mod p) over Z, such that g(x) is monic and

f(x) = g(@)h(x).

26



Proof. [E190, p. 173] Much like constructing an expansion for a p-adic number, we
construct g and A using infinite series. Let deg f = d, and deg go = m. Since g is monic,
d > m. We may assume that deghg is d — m, since any higher-order terms have to
have coefficients which are divisible by p, meaning they have no effect on the conjugacy
h(z) = ho(x). We now construct sequences (g,), (h,) € Zy[x] such that degg, = d and
deg h,, = d — m, and show their limits are the required polynomials g and h.

For each n, write

Gn = Go + YD+ yop’ A+ Ypap"
hn = ho+21p+ 2P + -+ + zp1p"
We chose the polynomials y;, z; € Z,[z] with degy, < m and degz; < d —m. This is

sufficient to make g,, and h,, have their required degrees, and to make g, monic. We also
want f = g,h, (mod p") for each n. Then

f = gny1hnsa (mod an)
= (gn + Ynp") (hy + 2,0") (mod p™*™1)
= Guhi + (gn2n + hntn) D" (mod p"*1).

We may write f = g,h, + rp™ for some r € Z,[x], where r has degree at most d. Then
the above gives

f - gnhn = (gnzn + hnyn)pn (mOd pn+1)
— 7= Gnzn + hntn (mod p)
= T = goZn + hoyn (mod p)

Recall that gy and hgy are coprime modulo p, so the above congruence can be solved for
Ynsy Zn € Lp|z]. Specifically, we have

hoyn =7 (mod gy).

Since go has degree m, we may choose y, so that degy, < m. Since degr < d, and
deg hg < d — m, we have deg (goz,) < d. Thus z, has degree at most d — m. Hence the
polynomials g, 1 and ¥, have degrees d and d — m.

Finally we see that as n — oo, there is s € Z,[z] such that

|f - gnhn|p = ‘(gnzn + hnyn) pn + Spn+1 ‘p

< max {|gul, [zal, 27" Vol Lyl 7" Isl, ™40}

<max {p ", p ",p "V}

— 0.
Then g = lim, o g, and A = lim,_,o h, are the polynomials required (since these
sequences are Cauchy and give polynomials of finite degree). m
Corollary 5.1.4. For each prime p, Q, contains the (p — 1)th roots of unity.
Proof. Since the polynomial 277! — 1 = Z;i (x — k) (mod p), applying Hensel’s Lemma

5.1.3) repeatedly splits it into linear factors in @Q,. Hence the roots of the polynomial
P
are in Q,. O
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The closure of the p-adic numbers, @p, can be constructed by taking the union of its
algebraic extensions. We first extend | - | , to such an extension by creating a map from
a given finite extension to Q,.

Definition 5.1.5. Let F be a field, and K = F(«) be a field extension of degree n. Then
« is a root of some polynomial

ma(z) = 2" + a1 2" + -+ a,. (a; € F)

where m,(z) is irreducible over F. The field K is an n-dimensional vector space over
F, and multiplication by an element § of K is a F-linear transformation from K to K.
The field norm of § from K to F, denoted Ng/r(3), to F is the determinant of this
transformation.

Proposition 5.1.6. Let F, m,(x), o, 5, ay,...,a,, and K be as in Definition 5.1.5, and
let oy, g, ..., be the (potentially non-unique) roots of mq(x) in K. Then

(i) Ngsr(a) = (=1)" a,.
(i) Nip(a) =L, ai-
(i4i) Ngr(8) = (NF(ﬂ)/F(ﬁ))[K:F(ﬁ)]'
Proof. [Kob77, p. 60]

(i) Use {1,a,0?, ...,a"} as the basis of K over F. Since « is a root of m,(x), we
have a" = —a,, — a,_1a — - - - — a;a™ !, so the matrix for multiplication by o
in K is ~ _

000 ... —an
1 0 0 ... —Qp—1
Lo
000 ... 0 —a
000 ... 1 —a |

which has determinant (—1)"a,.

(i) We may write f(z) as f(z) = [[_,(z — o), so a, = [[[_, (—), and the
result follows by (i).
(iii) Suppose Ag is the matrix for multiplication by 3 in F(3). Let Bg)r be a

basis for F(3) over [, and let Bg/rg be a basis for K over F(5). Then the
product

Bryr - Bryrp) = {2 -y € K: 2 € Br)r, y € Brrs)}

is a basis for K over F (see [Gall3, Proof of Theorem 21.5]). The matrix for
multiplication by § in K can now be written as the square block matrix with
‘B]K/]F(B)| . ‘BIE‘([?)/IE“ = [K . F] columns

Ag O ... 0
0 Ag ... 0
0 0 ... Ag
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The determinant of this matrix may be evaluated by taking the determinant
of the blocks, giving (det AB)[K:F(M = N]F(ﬁ)/y(ﬁ)[K:F(ﬁ)] : O

Lemma 5.1.7. Let K be a finite extension of degree n of F. The field norm is multi-
plicative, and if v € F then Ngr(y) =".

Proof. Since Ngg( - ) is the determinant of a linear transformation for multiplication in
K, and det(A,Ap) = det(A,) det(Ap), where A, and Az are the matrices for multiplica-
tion by «, f € K, the field norm is multiplicative. For the second part, we note that ~ is
the root of x — v over F, so

Nig/e(7) = Negye (1) = Nege(n)* = (=1)'(=))" =" O

Theorem 5.1.8. The p-adic absolute value can be extended to a finite extension K of

degree n by defining
|Oé|p - n\/ |NK/Qp<a>‘p’

Proof. [E*90, p. 174] By Lemma 5.1.7, if v € Q, then }NK/QP(V)‘j = |fy”|§ = |,
so this definition agrees with |- |p on Q,. Clearly we still have non-negativity, and
Nk /g, () = 0 if and only if the minimal polynomial for o over @@, has no constant term,
which is equivalent to o = 0. Multiplicativity follows from Lemma 5.1.7. It remains to
show the triangle inequality holds.

Let v, 8 € K. We will show that |- | is in fact a non-archimedean absolute value on
K by proving

[+ Bl, < max { |11, 18, } .

Without loss of generality, suppose |v|, < |8],. Then this is equivalent to

1, _
, Bl

Let o = —v/B. It suffices to show that | — 1|, <1 whenever |a|, < 1. Let F = Q,(«),
m = [Qy(a) : Q). Now let

‘%H 1.

f@)=2"+a 2™+ +an,

be the minimal polynomial for a over F, so that N/, () = %a,,. The minimal polyno-
mial for (o« — 1) over F is

f@a+l)=a"+-+1+a+-+an)

so Npjg, (@ —1) = (1 4+ a1+ -+ an).
Suppose that |a,,[, <1, and that some a; & Z,. Let pF = max{|ai|p 0<i < m},
and define the polynomial

fo(z) = Pkf(:c) = pkxm +bx™ by,
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Now each b; € Z,. Moreover there is a greatest r for which |b,| » = 1, meaning b, #Z 0
(mod p). Since |ay,|, <1, we know r < m. Then

fo@) = (b + -+ b)) 2™ (mod p)

so by Hensel’s Lemma (5.1.3), f(z) is reducible, contradicting the definition of f(x).
Thus whenever |a,,|, <1, every a; € Z,. Then [1 +a; + -+ +apl, < 1.
We now have that

|am|p = ‘NIF/QP(Q/)lp <1l = |1 +a;+---+ (lm|p = |NF/Qp(a — 1)}19 <1
Finally, noting F = Q,(a) = Q,(a — 1),

lal, <1 = ¢ ‘NK/QP(Q)‘I) <1

I
=

N/, (o — 1)|p <1 (as shown above)

A
L ==
£

Hence the ultrametric inequality holds, and so | - | , is a non-archimedean absolute value
on K. O

Theorem 5.1.9. The extension of the p-adic absolute value given in Theorem 5.1.8 is
unique.

Proof. [E*90, p. 175] Let wy,ws, ..., w, be a basis for K/Q,. For any absolute value,

la] <1 <= of = 0as k — oo with respect to |- |

since ‘ak‘ = |a|k. We may express each term in the sequence (o) by
o = @y pwr + ag gy + -+ Ay pn.
Suppose | - | is an extension of | - | on K. Elements in the basis are linearly independent,
each a;x € Qp, and | - [ must agree with |- [, on Q, so
la| <1 < a;; — 0 as k — oo with respect to |- |

< a;; — 0 as k — oo with respect to |- |

= |af, <1.
Hence by Theorem 2.1.3, | - | is equivalent to | - [, and so the extension is unique. ]
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We now have a metric space (@p, |- » ). Moreover, @p is the algebraic closure of Q, and

s0 is unique (up to isomorphism of fields), and the topology induced by |- |, is unique.

Unlike the closure C of R, @p has infinite dimension over Q,.

Theorem 5.1.10 (Baire category theorem). A set A is nowhere-dense in the metric
space (X, p) if the closure of A has empty interior. A complete metric space is not the
countable union of nowhere-dense closed sets.

Proof. A proof of an equivalent form of the theorem, and derivation of the above form,
can be found in [Kel55, Chapter 6, Theorem 34] and the paragraphs following. O

Theorem 5.1.11. The algebraic closure of the p-adic numbers, @p, 15 not complete.

Proof. [Robl13, p. 129] Since @p is the union of finite extensions of Q,, we may write
A, ={z € @p : [@p(x) : Qp] <n}

and have Q, = U,y An-

We first check that each A, is closed. If x # 0 is in the closure of A, then there
is a sequence (zy) in A, such that zy — = as k — oo. Each xj therefore has a min-
imal polynomial g;(X) over Q,. Scaling the coefficients of gx(X) by a power of p will
give a polynomial f;(X) with x; as a root, with coefficients in Z,, and with at least
one coefficient in Z:. Then since Z, is compact by Proposition 3.4.5, (fi) contains a
convergent (coefficient-wise) subsequence (f;, ) — f, where the coefficients of f are in Z,
with at least one coefficient in Z;. Therefore f # 0, and has degree at most n. Write
fin(X) = >0 jaip Xt and f(X) = Y1 a;X". The proof of Lemma 3.1.3 can clearly
be extended to the field @, since |- |, is non-archimedean on Q,. Therefore f(X) is
continuous, and so f(xy) — f(x) as k — co. We have

|f_fjk|

» = 01;1%}7(1 |a7; — ai7k|p — 0

and since (xy) converges it is bounded, so

(a; — aiy) 932
i=0

|f(@x) = fi ()], =

p

i
< Orgiag)gai — @ikl [T,

— 0.

Therefore f(zx) = f;, () as k — co. Now

(@) = fi (@)l < max {[F@) = F@ol, @) = fi @], } =0,

meaning f(x) = lim f; (zx) = 0. Then z is a root of f(X), so z € A,. Hence A, is
closed.

We verify that A,, has no interior point. If o € A, and A € Q, is non-zero then
Q,(A\a) = Qp(«), so each A, is closed under multiplication by A. Let r > 0. Then we
may choose an integer v such that p” > |a| 7', so

r> ‘Oé‘ppiv = ‘pv&‘p :
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Thus for any r > 0, the ball B(0,r) contains a member of every A,,,m € N. Therefore
B(0,r) is not contained in A,. We have A,, + A, C A, (see [Gall3, Corollary to
Theorem 21.7]) so indeed no open ball of radius 7 is contained in A,,, meaning A,, has no
interior.
Hence @p is the countable union of nowhere-dense closed sets A,, and so is not
complete by Theorem 5.1.10.
O

5.2 Completion of @p

We now take the completion of @p. Since the procedure for constructing Q, prescribed
in Section 3.2 used only the fact that | - |, is non-archimedean on Q,, and we have shown

that |- |
p — —
completion C, of Q,. Briefly, we take the ring of Cauchy sequences over Q,,, construct the
maximal ideal of the ring consisting of those sequences which converge to 0, and form the
quotient ring C,. We also define | - |, : C, = R by |z], = limy, 00 [, Where z = [(z,,)]

is also non-archimedean on @p, we may follow the same steps to obtain the

is an equivalence class of sequences over @p. We obtain that | - | , isa well-defined non-
archimedean absolute value on C,. This process results in the complete space (Cp, ||, ),
where C,, is a field.

Theorem 5.2.1. The field C, is algebraically closed.

Proof. [Kob77, p.72] In general, the completion of the algebraic closure of a field is itself
algebraically closed [Con09]. For simplicity we prove the result specifically for C,,.

We show that the polynomial f(z) = 2™ + a, 12" ' + -+ + a1 + ag over C, has a
root in C,. For each i, let (a;;)32; be a Cauchy sequence over Q, converging to a;. We
now have polynomials

filw) =a" + ap_12" 7+ arz o+ agg

over Q,, each having roots r1j,...,7.; € Q,.
We now construct a Cauchy sequence () inductively, with each a; € {ry;,..., 7}
Make any choice of ;. Suppose we have chosen o, ..., a;. Let

o =|f; — fj+1|p = [pax {|az‘,j - @i,j+1’p} :
By Lemma 3.1.2, §; — 0 as j — oo. We have that (f;) is bounded, so there are constants
Cj > 1 such that [a;;|, < C; for all ¢ (and (C}) is bounded). Suppose that f; has a root
r = 1y, such that |7’|p > (. Then
= —a, T — e —ar — ag
=Gy — o —ar? " —agr”
—i

I, < max {Jan-iil, Irl,"}

max {]an,i,l\p} = C}.

0<i<n

n

-
=

IN

IN
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This is a contradiction. Hence if we let A; = max {1, gl e |rn7j];l} then there is a
constant A > A; for all j. Writing f;+1(x) = [, (x — rij41), we have

n
[T ey = rigeal, = ()],
i=1

= |fj+1(a;) = fi(ay)l, (since fj(ay) = 0)
= Z (@sj11 — aiy) o)™
< 5,A.

Thus one of the terms |a; — rk7]~+1|p < {/4;A. Choose oy = Tk j41-

We now have a sequence («;) over Q,. Since A is constant and §; — 0, we have that
(a;) is Cauchy, and so it converges to some a € C,. Finally, by continuity (see proof of
Lemma 3.1.3),

fle) = lim f(a;) = lim f;(a;) =0.

j—00

Hence o € C, is a root of f(x), and so C,, is algebraically closed. n

Just as Q, is the alternative to R, we now have arrived at the p-adic equivalent of the
complex numbers. A further completion step is necessary in the p-adic case. In summary,
the construction went as follows:

Q completion algebraic closure\ — completion

> Q, > Q,

> Cp.
A natural question is whether this extra step can be eliminated by taking the algebraic

closure of Q, denoted Q, and then taking the completion with respect to some extension
of | -|,, in order to obtain C, directly. Clearly Q contains Q(i).

Example 5.2.2. The function |- | : Q(¢) — R defined by

2| = /| Nogyo(2)

is not an absolute value. Consider the numbers z; = 3 4+ 47 and 25 = 3 — 4i. They are
conjugates, with z;2o = 3% + 42 = 25. Then

1
|21] = [z2] = 4/125]5 = V572 = .
However z; + 2, =6 € Q, and [Q(7) : Q] = 2, so

5 1 1
21 22l = 16 = /I6%; = 1> ¢ + £ = Ja1] + ||

so the triangle inequality does not hold.
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The above example shows that the construction of an extension of | - |, in the manner
of Theorem 5.1.8 fails to produce an absolute value on Q(i), and so will not produce an
absolute value on Q.

Theorem 5.2.3 (Ostrowski). Every non-trivial absolute value on Q(i) is equivalent to
(1) The (usual) real absolute value | -|_, or

(11) The m-adic absolute value |- | _ for some prime m in Z(i).

Proof. The proof can be found in [Con08]. O

It follows that the extension of |- |, to Q using field norms will not work in general,
since not all prime numbers are prime in 7Z(7).

Due to the uniqueness of algebraic closures and completions, we know that C,, is the
unique (up to isomorphism) smallest field which is algebraically closed and complete with
respect to the p-adic absolute value.

Theorem 5.2.4. Assuming the aziom of choice, C, is isomorphic to C as a field.

Proof. The proof is beyond the scope of this report, and can be found in [Rob13, p. 145].
O

The preceding theorem means that we may consider C, to be the field C coupled with
an exotic topology.
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6 Conclusion

We have covered an analytic introduction to the p-adic numbers. There are alternate
constructions for Q, using algebraic approaches. In [Ser73, Chapter II], Z, is defined as
the inverse limit of the finite rings Z/p"Z, n € N. The field Q, is then defined as the
field of fractions of Z,. In [ST07, Section 51, 52], Q, is considered as an additive group
and as a multiplicative group.

We have constructed the p-adic absolute value, the field of p-adic numbers, and the
complete algebraically closed space containing it. We have explored properties of power
series in Q,, and shown that determination of convergence of series in @, is simpler than
in R. We showed that for each prime p, the p-adic absolute values are the nontrivial
non-archimedean absolute values. Moreover we demonstrated that the p-adic numbers
are the non-real locally compact field of characteristic zero which arise as a completion
of the rational numbers.
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