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Abstract

Constructivism is the philosophy that the existence of mathematical
objects must be proven by demonstrating how to find them. Proof by
contradiction is a non-constructive technique, and the law of excluded
middle (that every statement is either true or false) cannot be taken as a
universal truth in constructive logics. In this talk, we examine common
non-constructive proofs, and show how they can be made constructive.
These constructive proofs have aesthetic value in a classical setting. We
see that some basic propositions of classical logic cannot be made con-
structive.

Primer

Classic example: prove 3p,q € R\ Q such that p? € Q.

Intuitionism, finitism

Re-evaluate what it means to prove a statement.

What do the logical symbols mean?

Achievable by working without the law of excluded middle
We don’t assert that LEM is false. It still works for finite objects.

Proof by contradiction is not constructive.

Proof of negation

Many proofs by contradiction are really proofs of negation!
Proof that v/2 is irrational. This is fine!

Proof that log, 9 is irrational. This is fine!

We’ve have a constructive proof of the first proposition.

We must examine what we really mean, and what we intend to prove.

More proofs of negation:

— There are infinitely many primes.

What can we do?

e The Russel paradox

— Typical formulation uses LEM.

— Constructive way:

1.
2.

Lemma: If the set of all sets exists, then R € R
Proposition: The set of all sets does not exist.

e Prove that if [a] # [b] then [a] N [b] = 0.
— Typical proof:

1.
2.
3.
4.
5.

Suppose [a] N [b] # 0.

This means ¢ € [a] N [b].
Then a = ¢ = b, so [a] = [b)],
This contradicts [a] # [b].

~([a] N [8] £ 0), 50 [a] N [5] = 0.

— Fix: Start at 2, obtain contradiction, so [a]N[b] is not inhabited.

— So being the empty set is a negative statement?

— Technique: prove a better statement!
— Prove that if [a] N [b] is inhabited then [a] = [b].
— Yes, we can obtain the contrapositive - but should we?



Curiosities

e We cannot prove that every set is either finite or infinite.
— How about {n € N:n and n + 2 are prime}?

e We cannot prove that every binary sequence either is 0* or eventually
has a 1.

— Consider (S,)5Z; such that

S — {O if 2n + 2 can be written as the sum of two primes

1 otherwise
e We give a stricter definition for real numbers: for x : N — Q, z is a
real number if for all m,n > 1,
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Define & > 0 if there is n > 1, such that
Tn > —.
n

Real numbers x = y if for all n > 1,
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e We cannot prove that the real numbers are decidable.
e We can prove z <y > Vz (2 <yVz<z).
e We cannot prove that there are discontinuous total functions.

e Constructive analysis is compatible with the statement that every
real number is computable.



