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Minimal Logic

@ Positive fragment of classical logic.

Does not use LEM (¢ v —¢)
Does not use DNE (==¢p — ¢)

Use L to represent ‘absurdity’.
P is false if P - 1.

@ Does not use EFQ (L — ¢)

@ Do not disallow absurdity.

| Minimal Logic|

@ Must prove that results hold even in
absurd worlds.
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Natural Deduction

Minimal logic may be represented in natural deduction by having
an introduction and elimination rule for each of the connectives
A_)I, KAl, AVY’ IVI, Kal.

Example (Natural deduction rules for —)

a—f

Implicational natural deduction proofs correspond to terms in
simply typed lambda calculus.
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Features:
@ Dependently typed
@ Propositions as types (Set)
@ Similar to Martin-Léf type theory

@ Proof assistant

Example: define the ‘<’ relation on N as a type, and prove 1 < 3.

data £ : N - N - Set where

0<n : V{n} - zero < n
sn<sm : Vin m} » n <m - suc n < suc m

pfl<3 : 1 £ 3
pfl<3 = sn<sm 0<n

Louis Warren Minimal Logic and Automated Proof Verification



First chapter: Natural Deduction in Agda

Why describe natural deduction in Agda?

@ Proof checking: Only valid deductions will be constructable
@ Proving: Agda's proof search can help with

Proofs of discharged assumptions

Proofs of variable freedom

Proofs of variable replacement

Small deduction segments (sometimes)

o Typesetting: Extract latex (bussproofs)

We obtain a proof assistant for natural deduction, which itself is
provably correct.

We prove properties of natural deduction itself.
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Deduction rules in Agda

data _F_ : Ensemble Formula - Formula - Set; where
assume : (a : Formula)
- Ca >k a
arrowintro : V{I' B} - (a : Formula)
- '+ PR
- r -akFa=2p8
arrowelim : V{l'; ', a B}
- r{y —a-=25 - r, - a
- ryurl, B

Other rules are required for the rest of first order logic, as well as a
rule for weakening the set of assumptions.
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Example: natural deduction

Prove that if A - B and B — C then A = C.
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Example: natural deduction in Agda

pft : VapBy-><Ca=p>UuUuB=2v>Fa=1y
pf a By = close
{— Auto -} (from from< a = B > U from< B = vy »)
{— Auto -} (A x; 24 z2, = 2, (N 25 2z, = {- .. -}
(arrowintro a
(arrowelim
(assume (B = vy))
(arrowelim
(assume (a = B))
(assume a))))
tex = texdeduction (pf A B C)
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Ensembles

The previous proof required a subproof that
{B—-rivfa—=plu{ah\{a} < {B->r}ufa— B}
(The proof was A %, z, z, » z, (A z5 z, > 2, (A 2Zs Zg > Zg 2, (A 2Zq = 27 25 25))).)

Finite sets (ensembles) are defined so that proofs regarding subsets
of formulae are lambda terms. This means that they can be found
by proof search and appear inline.

Define finite sets in minimal logic.

XEQD = 1

x € {y} = X=y
x€AUB = X¢A->-x&B
x€ A\ {y} = (x#y—>xgA)
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@ Full implementation of natural deduction for first order
minimal logic.

@ Proved correct a procedure for finding a variable not occurring
in a formula.

@ Proved a-equivalent formulae are equivalently derivable.

e Provided a constructive proof which transforms a natural
deduction tree of a formula to one for its equivalent.

@ Verified correctness of the proofs in the next chapter.
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Second chapter: Reverse mathematics

Mathematics: given certain axioms, what theorems can be proved?

Reverse mathematics: what axioms are required in order to obtain
a given theorem?

Work over minimal logic. Examine the relations between given
classical theorems.
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Drinker Paradox

In every non-empty pub, there is a person such that: if that
person is drinking, then everybody in the pub is drinking.

dy(Py — VxPx)

Classical argument.

o Either VxPx or -VxPx. (Law of Excluded Middle)
o If VxPx then any y will satisfy Py — VxPx.

o If "VxPx then Iy—Py. (Generalised Markov's Principle)
o If =Py then Py — VxPx. (Ex Falso Quodlibet)

@ In either case, Ay(Py — VxPx). 0

v
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Dual of the Drinker Paradox

In every non-empty pub, there is a person such that: if
anybody in the pub is drinking, then that person is drink-

ing.

(He): Jy(AxPx — Py)

DP: Ay(Py — VxPx)
He: dy(AxPx — Py)

AyWx(Py — Px)
AYyWx(Px — Py)
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Kripke Semantics

Figure: He(®) holds, DP(P) fails Figure: DP(®) holds, He(P) fails

PO, P1, P2, P3,.
A

N O PO,PI P2 P3 I
N P1, P2, P3,.
N C«) PO, P1, P2 I
N @ P2, P3,.
A
N QD PO, P1 ‘
A

These are the simplest full models for separating DP and He.
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Hierarchy (incomplete)

DP 7 . He

DP: 3y(Py — VxPx) \ D¢ '

He: 3y(AxPx — Py)
CD: Vx(Px v 3xQ) — VxPx v 3x0

GMP: =VxPx — Ix-Px
DNSV: Vx——Px — —-~VxPx

DNS3: -—3IxPx — Ix—~Px
GMP DGP LEM

DGP: P> QvQO—> P \
LEM: Pv P
DNSY DNSH

WLEM: =P v =P
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Constant domain

Models of ... He have exactly one term, or otherwise ... all terms
are known at all states ...

The principle of constant domain (CD) holds precisely in the full
Kripke models in which the domain of related worlds is constant.
This is a subset of the models of He. Does this mean He is
stronger than CD?

Full Kripke models cannot separate He from CD. Completeness
was lost when we restricted to full Kripke models.

Problem: full models require existence of predicates which are not
(finitely) syntactically definable for use in proofs.
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Strategy for non-full models

What should it mean for a scheme to hold in a model which is not
full?

The scheme must hold on every predicate in the model. At the
very least, this is all syntactically definable predicates, including
any constants known in the root world.
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Separating He from CD

A lFVx(Px v 3x0x)
A W VxPx
A W Ix0Ox
A ¥ CD(Px, Ix0Qx)

A
'
|
I

N O PO,P1,P2, P3,00,01,02,03

N Q PO, P1, P2,00,01,02

A I He(Px)
A I+ He(Ox
N GD PO, P1,00,01 (©x)
The formulae PO, QO0, 1, Px,
QOx are closed under the logical
N GD P0.Q0 connectives with respect to

semantic equivalence in this
model, and He holds for each of
these.

{0} A PO

Louis Warren Minimal Logic and Automated Proof Verification



DP He

DP: 3y(Py — VxPx) \ cD

He: 3y(AxPx — Py)
CD: Vx(Px v 3xQ) — VxPx v 3x0

GMP: =VxPx — Ix-Px
DNSV: Vx——Px — —-~VxPx

DNS3: -—3IxPx — Ix—~Px
GMP DGP LEM

DGP: P> QvQO—> P \
LEM: Pv P
DNSY DNSH

WLEM: =P v =P
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From infinitary to finitary schemes

Idea: the finitary form of y(Py — VxPx) should resemble
(A—-> (AArB)v(B— (A B)).

To embed formulae inside a predicate, we add the following axioms
(‘0" and ‘1’ are just two names of constant terms), collected
together under the name ‘TT".

po DO ~p1 Pl V_(Dxv-Dx) %

DNS3((Dx — ==A) A (-Dx — =A)) brp WLEM(A)
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Hierarchy with EFQ and TT

DP: 3y(Py — VxPx)
He: 3y(AxPx — Py)
CD: Vx(Px v 3xQ) — VxPx v 3x0

GMP: =VxPx — Ix-Px
DNSV: Vx——Px — —-~VxPx
DNS3: -—3IxPx — Ix—~Px

DGP: P> Qv Q- P

LEM: Pv P
DNSY DNS3

WLEM: =P v =P y

(Not pictured: LEM,EFQ > everything.) WLEM
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Third chapter: Minimal arithmetic and analysis

A great deal of analysis can be done constructively (Bishop 1967).
We take initial steps towards adapting Bishop’s constructive
analysis to minimal logic.

Replace the usual Peano axiom

Axiom (Peano)
Vr(S(n)=0- 1)

with

Vn(S(n)=0 — S0)=0)

to discount nontrivial finite models of the natural numbers. This
makes it possible to prove

Va,m,k(n-Sk)=m-Sk) > n=m).



General strategy

e Find proof from constructive analysis which use EFQ.
@ Derive 0 =1 instead of L.

@ Construct the conclusion from 0 = 1.

We recover the weak form of the intermediate value theorem from
Bishop and Bridges (1985).
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If x<yand y<xthen0=1.

We have x < x by transitivity, so 0 < x —x = 0. Then there exists
a natural n such that n~! <0, and so 1 < 0. The result follows
from the definition of < for natural numbers. ]

If 0 =1 then a < b and a = b for every real a and b.

a=a+0-(b—a)=a+1-(b—a)=0>

and b<b+1=5b+0=5b. ]
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