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Drinker Paradox

In every non-empty pub, there is a person such that: if that
person is drinking, then everybody in the pub is drinking.

(DP): 3,(Py — ViPx)

@ Either V, Px or =V, Px.

o If V,Px then any y will satisfy Py — V,Px
o If =V Px then 3,=Py.
o If =Py then Py — V, Px.

@ In either case, 3,(Py — VxPx). 0
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Minimal Logic

@ Positive fragment of classical logic.

Does not use LEM (¢ v =)

Does not use DNE (——¢ — ¢)

Use L to represent ‘absurdity’.
Pis false if P — 1.

@ Does not use EFQ (L — ¢)

Absurdity is allowed.

| Minimal Logic |

@ Must prove that results hold even in
absurd worlds.
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Drinker Paradox (Revisited)

In every non-empty pub, there is a person such that: if that
person is drinking, then everybody in the pub is drinking.

3,(Py — V«Px)

e Either V,Px or =V, Px. (Law of Excluded Middle)

o If V. Px then any y will satisfy Py — V,Px
o If =V Px then 3,—Py. (Generalised Markov's Principle)
o If =Py then Py — V,Px. (Ex Falso Quodlibet)

o In either case, 3,(Py — V\Px).
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Dual of the Drinker Paradox

In every non-empty pub, there is a person such that: if
any person in the pub is drinking, then that person is
drinking.
(He): 3, (3xPx — Py)
This is equivalent to

(IP): (Q — IxPx) — Ix(Q — Px)

where x is not free in Q.

DP: 3, (Py — Vi Px) = 3,Vx(Py — Px)
He: 3,(3xPx — Py) = 3,Vx(Px — Py)
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We analyse DP and He as schemes. We want to know if DP is
stronger than, weaker than, equivalent to, or unrelated to He. Can
we derive arbitrary instances of one from the other?

A scheme holds if every instance of the scheme is derivable.
A model for a scheme will force every instance of the scheme.

In saying "every instance”, we are quantifying over all predicates
which exist in the model.
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Kripke Semantics for Separating DP and He

Figure: He(®) holds, DP(Px) fails ~ Figure: DP(®) holds, He(Px) fails

N PO,P1,P2,P3,...

A
0
|
!

N O PO,P1,P2,P3
P1,P2,P3,...

N G PO, P1, P2

N Q\l PO, P1

These are the simplest models for separating DP and He.
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Separation by Kripke semantics

Full models are used for modelling schemes.

Models of DP and He have exactly one term, or otherwise,

@ the model is linear, and

@ all terms are known at all states, and

@ (to model DP) every set of states has a maximal element, and
@ (to model He) every set of states contains its infimum.

[T=1[[TIeN] [T[=]N
Branched DP, He | Neither Neither
Linear DP, He | DP, He | Indeterminate
Linear, max[1 exists for all 1 C ¥ | DP, He | DP, He DP
Linear, inf[1e M forall MM C X DP, He | DP, He He
Both of the two above DP, He | DP, He DP, He
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Hierarchy (incomplete)

DP: 3,(Py — ViPx)
He: 3,
CD: Vv,
LPO: YV (Px v Qx) — VixPx v 3,Qx

GMP: =V Px — 3,—Px
DNSy: Vy——Px — ==V, Px

DNSH: —|—\E|XPX — Elx—|—|PX GMP DGP LEI\/I\I
DGP: P Qv Q@—P DNS, DNS-
LEM: P v =P

WLEM: =P v —=P
WLEM
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Constant domain

Models of ... He have exactly one term, or otherwise ... all terms
are known at all states ...

The principle of constant domain (CD) holds precisely in the full
Kripke models in which the domain of related worlds is constant.
This is a subset of the models of He. Does this mean He is
stronger than CD?

Full Kripke models cannot separate He from CD. Completeness
was lost when we restricted to full Kripke models.

Problem: full models require existence of predicates which are not
(finitely) syntactically definable for use in proofs.
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Strategy for non-full models

What should it mean for a scheme to hold in a model which is not
full?

The scheme must hold on every predicate in the model. At the
very least, this is all syntactically definable predicates, including
any constants known in the root world.
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Separating He from CD

Al Vi (Px v 3,Qx)

A
'

! Al ¥V, Px
N O PO0,P1 P2 P3,Q0,Q1, Q2 Q3
Al 3, Qx
N G PO, P1, P2, Q0, Q1, Q2 Al CD(Px; 3xQx)
A I+ He(Px)
N QD PO, P1, Q0. Q1 Al He(Q)
N ro.oo The formulae PO, QO, L, Px,
N CD @ Q@x are closed under the logical
connectives with respect to
(0} @ PO semantic equivalence in this
model, and He holds for each of
these.
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Hierarchy

DP He
DP: 3,(Py — ViPx) \ D
He: 3,(3<Px — Py)
CD: Vi(Px v 3xQ) — VixPx v 3xQ l
LPO: Vy(Px v Qx) = ¥xPx v 3xQx LPO
GMP: =V Px — 3,—Px
DNSy: Vy—=—=Px — —=V,Px
DNS3: ——3,Px — I,——Px GMP DGP LEM
DGP: P> Qv Q—P DN, \DN53
LEM: Pv =P
WLEM: =P v —==P
WLEM

Louis Warren Classifying the Drinker Paradox and its Dual



From infinitary to finitary schemes

Idea: the finitary form of 3,(Py — V,Px) should resemble
(A= (AArB))v(B—(AnB)).

To embed formulae inside a predicate, we add the following axioms
(‘0" and ‘1’ are just two names of constant terms), collected
together under the name ‘TT'.

o DO —p1 D1 V. (Dx v —Dx) Dx

DP((DX — A) A (ﬁDX — B)) l_EFQ,TT DGP(A7 B)
He((Dx — A) A (~Dx — B)) Ferg. 77 DGP(A, B)
DNSQ((DX — —\—|A) A (—\DX — —\A)) I—TT WLEM(A)
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Hierarchy with EFQ and TT

DP: 3,(Py — ViPx)

He: 3,(3xPx — Py)

CD: Vi(Px v 3xQ) — ViPx v 3,Q
LPO: YV (Px v Qx) — VixPx v 3,Qx

GMP: =V Px — 34— Px
DNSy: Vy——Px — ==V, Px
DNS3: ——3,Px — = Px

DGP: P Qv Q—P

LEM: P v =P
WLEM: =P v —=—P %
WLEM

(Not pictured: LEM,EFQ D everything.)
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Natural deduction in Agda: Terms

record Variable : Set where
constructor mkvar
field
idx : N

record Function : Set where
constructor mkfunc

field
idx N
arity : N

data Term : Set where
varterm : Variable - Term
functerm : (f : Function) - Vec Term (Function.arity f) - Term

record Relation : Set where
constructor mkrel

field
idx o N
arity : N
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Natural deduction in Agda: Formulae

data Formula : Set where

atom : (r : Relation) - Vec Term (Relation.arity r) — Formula
= : Formula - Formula - Formula
_A_ : Formula - Formula - Formula
_V_ : Formula - Formula - Formula
A : Variable - Formula - Formula
\Y : Variable - Formula - Formula

_e_ : Formula - Formula - Formula
Do W= (0=Y)A (Y=0)

infixr 105 _=»_ _e_

infixr 106 _v_

infixr 107 _A_

formulaEq : (a B : Formula) - Dec (a = B)

data _BoundIn_ : Variable - Formula - Set
data _[_/_]=_ : Formula - Variable - Term - Formula - Set
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Natural deduction in Agda: Schemes

record Scheme : Set where
constructor scheme

field
idx : String
arity : N
inst : Vec Formula arity - Formula
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Natural deduction in Agda: Propositional deduction

data _F_ : Ensemble formulaEq - Formula - Set where
cite : V{a} - String - 2 F a - @ F a
close rW{raoa} -rcd -rra-Ara
assume : (a : Formula)
- alekra

arrowintro : V{r B} - (o : Formula)

re g
_______________ =t
o r-akFa=28
arrowelim : V{1 2 a B}
- M ra-=2_3 - Mz F a
___________________________ =
- (rrurz) v p

and so on for the other propositional rules.
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Natural deduction in Agda: First-order deduction

univintro : ¥{I a} - (x : Variable)
- X BoundInAll I

- M- a
........... v+
- N-AXa
univelim sV o x a[x/r]} = (r : Term)
o[ x/ r]=a[x/r]
- NrN-AXa
____________ Y-
- I+ a[x/r]
existintro : V{I a a[x/r]} - (r : Term) - (x : Variable)
o[ x/ r]=sa[x/r]
- M+ afx/r]
____________ J+
- r-Vxa
existelim : V{l: Iz a B x}
- X BoundInAll (B = (2 - «))
- N +Vxa - M= + B
___________________________ J-
d M u (|—2 - (1) ~ B
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Natural deduction in Agda: Proof from DP to LPO

dp-»1lpo : k1 dp - F2 1lpo
dp-lpo Hdp a B = close {- Auto-generated -} (Vx (a VvV B) ~ (2 U ((ax = ¥
(arrowintro (Vx (a v B))
(existelim {- Auto-generated -} ((A| xvar a v V| xve
(cite "DP" (kdp «))
(disjelim
(univelim x {- Auto-generated -} (ident (a v B) x\
(assume (Vx (a v B))))
(disjintro: (3x B)
(arrowelim (assume (a = VX a)) (assume a)))
(disjintroz (Vx «)
(existintro x xvar {- Auto-generated -} (ident B
(assume B))))))

[Pz — V,Px] [Pz] [Qz]
V. (P2 V Qz)] v, Px —B 500 "
op Pev Qe 0 VoPrv3,0r V.Pz v 3,0z x}g
3, (Px — Y, Px) V.PzxV3,Qx
V.Pzv 3,0z 3
—I

Ve (PzV Qx) — (Vo Px V 3,Q)
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